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\ Abstract 

We construct several quantum coset W-algebras, e.g. sZ(2, IR)/t/ (1) and sZ(2, IR)©s/(2, IR)/ 
s/(2,]R), and argue that they are finitely nonfreely generated. Furthermore, we discuss in 
detail their role as unifying W-algebras of Casimir W-algebras. We show that it is possible 
to give coset realizations of various types of unifying W-algebras, e.g. the diagonal cosets 
\ based on the symplectic Lie algebras sp{2n) realize the unifying W-algebras which have 
previously been introduced as 'WP_n'- In addition, minimal models of WD-n are studied. 
The coset realizations provide a generalization of level-rank-duality of dual coset pairs. As 
further examples of finitely nonfreely generated quantum W-algebras we discuss orbifolding 
of W-algebras which on the quantum level has different properties than in the classical 
case. We demonstrate in some examples that the classical limit according to Bowcock and 
Watts of these nonfreely finitely generated quantum W-algebras probably yields infinitely 
nonfreely generated classical W-algebras. 
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1. Introduction 



One of the most interesting questions in two dimensional conformal invariant quantum 
field theory is the classification of rational conformal field theories (RCFT). An important 
tool in the investigation of this question is provided by extended conformal algebras also 
called W-algebras (see e.g. [1 — 3]). Although W-algebras have been the object of intense 
studies in the last few years, a complete satisfactory classification of W-algebras and their 
representations has not been achieved yet. One has to distinguish between algebras which 
exist only for fixed values of the Virasoro central charge c, called nondeformable, and 
deformable (or generic) W-algebras existing for generic central charge c. For the latter class 
the structure constants are continuous functions of c apart from a finite set of singularities. 
Intense studies revealed that it is possible to explain most of the nondeformable W-algebras 
as truncations or extensions of generically existing ones (see e.g. [4 — 8]). 

It was noticed very recently that the class of deformable W-algebras contains at least two 
subclasses which have completely difi^erent features of the classical counterparts [9] . The 
first class consists of deformable W-algebras originating from quantum Drinfeld-Sokolov 
(DS) type hamiltonian reduction of affine Kac-Moody algebras (see e.g. [10 — 12]). These 
algebras are by far the best understood ones. The main property of this class of algebras 
is that the classical counterparts are Poisson bracket algebras based on finitely and freely 
generated rings of differential polynomials. It is believed that these algebras can be clas- 
sified by sZ(2,lR) embeddings into simple Lie algebras [13,10,14]. The so-called Casimir 
algebras [15] correspond to the principal embedding. In contrast hereto the second class 
of generically existing quantum W-algebras have as classical counterparts infinitely gener- 
ated rings of differential polynomials with infinitely many relations, i.e. the ring is nonfreely 
generated [9]. 

In this paper we discuss features of quantum W-algebras belonging to this new class. 
The first observation is that although the classical Poisson bracket algebra is infinitely 
generated the quantum W-algebra is generated by a finite number of simple fields in all 
cases studied up to now. This is due to the fact that on the quantum level normal ordered 
versions of the classical relations between the generators eliminate all but a finite number of 
generators [9]. A very intriguing point is that the unexplained solutions of W(2, 4, 6) [5, 16] 
and W(2, 3, 4, 5) [7] with generic null fields obtained by direct construction are of this type 
and can be explained in terms of coset constructions (see also [9] ) . In [9] it has been argued 
that all classical coset algebras are infinitely generated. In the present paper we argue for 
certain cases that the corresponding quantum W-algebras are finitely generated. In the 
case of s/(2, lR)/t/(l) we give arguments that the commutant of the t/(l)-current yields 
the unexplained solution of W(2, 3, 4, 5). We argue that this coset algebra is isomorphic to 
the commutant of the ?7(l)-current in the N = 2 Super Virasoro algebra SVIR{N = 2). 
We also present supporting arguments for the realization [9] of the previously unexplained 
solution of W(2,4,6) as the diagonal coset sZ(2,lR)^ © sZ(2, 1EI)_ i /sZ(2, 1R)^_ i and study 
its representation theory. 

In [17] it has been observed that W-algebras of the second class have the interesting 
property of being unifying algebras for special series of minimal models of Casimir W- 
algebras. In this paper we give explicit coset realizations for many of these unifying 
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algebras which generahze level-rank-duahty of coset pairs [18, 19]. In special cases like the 
unitary models of the WAk-i algebras the unifying algebras can be inferred directly from 
level-rank-duality. The coset s/(2, lR)^/t/(l) for example describes the first unitary model 
of the WAk-i Casimir algebra, the so-called 7Zk parafermions [20]. For the corresponding 
values of the central charge c = '^^^+2^ algebras WAk-i truncate to W(2, 3,4, 5) [17]. 
Even in the cases where level-rank-duality can be exploited our considerations go beyond 
the 'T-equivalence' of coset pairs [1, 18, 19]. We compute the spins of the finite generating 
set of the unifying algebras and check in some examples the isomorphism of the extended 
symmetry algebras. 

The unifying algebras for WCk minimal models are the new algebras WP-n [8, 17]. We 
argue that these algebras WD-n can be realized in terms of a diagonal sp{2n) coset. The 
first member WX^-i is the formerly unexplained VV(2,4, 6). In fact, negative-dimensional 
groups have already been encountered in the representation theory of the classical groups 
(see e.g. [21]). The existence of >VX>_n can be expected by a deep connection of the 
negative-dimensional orthogonal groups S0{—2n) and the symplectic groups Sp{2n). 

Apart from the coset construction there is another construction which leads to W-algebras 
with infinitely nonfreely generated classical counterparts: orbifolding of W-algebras (see 
e.g. [22 — 24]). If a given W-algebra possesses an outer automorphism one considers the 
projection onto the invariant subspace. A special case of this construction is the bosonic 
projection of a W-algebra containing fermionic fields. We show that in contrast to the 
classical case [24] the orbifold of a quantum Casimir algebra does in general not contain a 
Casimir algebra as a subalgebra for generic central charge. 

The plan of the paper is as follows. In the first part of section 2 we will work out explicitly 
the algebraic structure of some cosets. Our starting point are the cosets sZ(2, lR)/t/(l) 

and SVIR{N — 2)/U{l) which we argue to lead to a finitely generated algebra of type 
W(2,3,4, 5). After some remarks concerning the unifying properties of these cosets we 

proceed with the coset W^fyUil) leading to a W(2, 3, 4, 5, 6, 7) (different from WAe). 

As a further important example we investigate the diagonal coset sZ(2,Il)^ ® sl{2,M)^/ 

sl{2,TR) which, in particular, for /j, = — | explains the special solution of W(2,4, 6). In 
the second part of section 2 we study orbifolds of quantum W-algebras. We determine the 
spin content of several orbifolds, the explicit form of the invariant fields and compute the 
structure constants for some examples. 

In section 3 we discuss first the vacuum preserving algebra (VPA) and classical limits of 
some prominent examples of deformable W-algebras outside the Drinfeld-Sokolov class. 
It turns out that the VPA is actually infinite dimensional in contrast to algebras in the 
DS class. Wc continue with a detailed discussion of the realization of unifying algebras 
for Casimir algebras by coset and orbifold constructions. Using character techniques we 
compute the spin content of these algebras and discuss the relation to level-rank-duality. 

The calculations presented in this paper have been performed in parts with a small special 
purpose computer algebra system discussed in [25] which we used for calculations with W- 
algebra modules. For the more complicated OPE calculations we used the Mathematica- 
package of ref. [26] . 
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1.1. Notation 



We begin with a short account of the notations which will be used in the following. For a 
detailed description we refer to the review article [1] . 

Denote the extended symmetry algebra of a local chiral conformally invariant quantum field 
theory in two dimensions by T . We assume that T is equipped with the following three 
important operations: The commutator, the normal ordered product and the derivative d 
of local quantum fields. Alternatively, we can demand that T is closed with respect to the 
short-distance operator product expansion (OPE) of two local fields. The singular part of 
an OPE reproduces the commutator, whereas the constant term yields the normal ordered 
product (NOP). The 'mode expansion' of a field is defined by 

0(^)= ^nZ^-''^'^\ (1.1.1) 

(i(0) is the 'conformal dimension' of and 0n are the 'modes' (we deviate here from the 
standard conventions because negative modes annihilate the vacuum state). The modes of 
the energy momentum tensor L satisfy the Virasoro algebra: 

[L„, L^] = (m - n)Ln+m + '^^'^^^ ~ m)5n+m,o- (1.1.2) 

The Lie bracket structure in is fixed by a general formula for the commutator of two 
chiral fields of half integral conformal dimension which involves universal polynomials and 
some structure constants given by two- and three point functions [4, 14] . For the singular 
part of the OPE of two fields 0j, 0j we will use the following shorthand notation: 



The coefficients C^j describe the coupling of the conformal families of 4>ii4>3 4>k- In 
repeated normal ordered products we use the convention: (pk ■ ■ ■ 4>24>i = {.4>k{- ■ ■ {4>24'i))) 
unless stated explicitly. In the form x (p the NOP occurs as the constant term in the OPE 
of X ciiid but in general it is not a quasi-primary field. In explicit calculations it is 
sometimes useful to work with the quasi-primary projection [4] of d'^(j)i(f)j defined by ^) 

m-,^>0: = i:(-)^(;) ('^'^^^^ + '^^^'^+"-'y'(''^^^+"-')a^((a— 000.) 
_(_)n ^ ^k(Kijk)+n-l\f2{d{i) + d{j)+n-iy 



{k:h{ijk)>l} 



X 



\ h(ijk)+n )\h(ijk)-l) {a{ijk)+n){h{ijk)-l)\ 



(1.1.4) 



^) This formula is the same as in [4] , the only difference is the normal ordering convention, 
i.e. (f)i(f)j = N{(f)j,(f)i). 
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with cr{ijk) = d{i) + d{j) + d{k) - 1 , h{ijk) = d{i) + d{j) - d{k). 

From any finite set of fields the operations d and M generate infinitely many fields. It is 
therefore convenient to define 'simple' fields which are noncomposite and nonderivative. 
To be more precise simple fields are defined to have a vanishing projection onto derivative 
and composite fields. An algebra generated by the simple fields is called a 

W((i((/)i), . . . , d{(j)n))- Primary fields composed of two simple fields and their derivatives are 
sometimes abbreviated using their dimensions if they determine the simple fields uniquely. 
For example we write Pdl^^)+d^^l)+2 primary field appearing in the OPE 0i {z)(f)2{w) 

p* 

at the zero of order 2 with normalization C, * , =1. 

01 02 

We denote the Casimir algebra corresponding to a simple Lie algebra Cn by WCn- Casimir 
algebras arise from quantum Drinfeld-Sokolov reduction with the principal s/(2) embedding 
into Cn- It should be clear to the reader that we reserve the notation WB^ for the 
purely bosonic algebras WBn = W(2, 4, . . . , 2?i). In earlier papers, the same notation 
was used for W-algebras of type W{2, 4, . . . , 2n, n + |) that contain one fermionic field. 
We denote these algebras by >VB(0, n) because they can be obtained from quantum DS 
reduction for the Super Lie algebras B{0,n). For a W-algebra coming from DS reduction 
of a nonprincipal sl{2) embedding into Cn we use the notation VV^" where S denotes 
the embedding. For example, for Cn = An, S is the r-tuple of the dimensions of the 
irreducible s/(2) representations which appear in the defining representation of Cn thus 
determining the embedding. The Polyakov-Bershadsky algebra [27, 28] which is obtained 
by a DS reduction of the nonprincipal sl{2) embedding into sl{3) is abbreviated in this 
notation by W2^^P^ . 

2. Non- freely generated W-algebras in cosets and orbifolds 
2.1. Coset W-algebras 

In this section we present the results of explicit constructions of the symmetry algebras 
of several cosets. In order to do so we have to define the coset construction algebraically: 
The algebraic coset W/gk of a W-algebra W with a Kac-Moody subalgebra gt is defined 
as the commutant of gt in W. Note that Kac-Moody algebras are also W-algebras and 
therefore W can also be a Kac-Moody algebra. Similarly, W/g refers to those fields in W 
that commute with the horizontal Lie subalgebra g oi gk, i.e. the ^-singlets in W. If one 
is interested in rational models one may define the coset algebra slightly different namely 
as the maximal extended symmetry algebra which contains the algebraic coset algebra as 
a subalgebra at the given value of the central charge. Since we are mainly interested in 
cosets which exist for generic values of the central charge we will use only algebraic cosets 
and call them just cosets from now on. 

2.1.1. The cosets sl(2^)/u[i) and SVIR{N = 2)/U(l) 

In this section we study the quantum versions of the cosets sl{2, IR) /U{1) and SVIR{N = 

2)/U{l). It has been shown in [9] that these cosets are infinitely generated with infinitely 
many relations in the classical case. However, we will argue that in the quantum case these 
cosets have at least a finitely generated subalgebra W(2, 3, 4, 5) (most probably the cosets 
are equal to this algebra) what is already indicated by counting arguments of the invariants 
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in the classical coset. By explicit calculation of the first generators in the commutant we 
find that no new generators with conformal dimension 6,7 or 8 appear. This is contrary to 
the claim of [29] ^) that one needs a new generator at each integer conformal dimension 
greater than one. Furthermore, by computing structure constants explicitly we find agree- 
ment with the second solution for W(2, 3, 4, 5) [7]. In fact, a character argument indicates 
that the cosets sl(2^)/U(l) and SVIR{N = 2)/U(l) are isomorphic to >V(2, 3,4, 5). 

The coset sl(2Jl)/u(i) 

The equivalence s/(2, lR)/[/(l)=yV(2, 3, 4, 5) can be checked explicitly and we present here 
the calculations, even if they agree in part with those performed by other authors [29, 31]. 
We start from the sl{2, H) Kac-Moody algebra 

J°-kJ° = 2kI J°-kJ^ = ±2J^ J+-kJ- = kI + J°. (2.1.1) 

It is easily verified that the Virasoro-operator 

has central charge c = '^^^^2'^ and commutes with J°, that is L ★ J° = 0. We can now 
construct a spin-3 field VF3 that is primary with respect to L and commutes with J°. W3 
is a linear combination of operators with zero C/(l)-charge and we find 

W3 = - i2kj°j+j- + Arrr + ek'^dj+j- + Qkorr + k^o'^r. (2.1.3) 

Starting from W3 we find the complete algebra by successively calculating the OPEs 

"3,3 "4,4 

W4 * = c/4,4 / + Ct^ Wa + Cff 

"4,4 

"4,4 

(2.1.4) 

The primary spin-4 and spin-5 fields as well as some two- and three-point functions are 
given in appendix A. The tilde for the structure constants Cf^ distinguishes them from 
the structure constants Cf, used when the fields are in standard normalization. We make 
the following two important observations: In eq. (2.1.4) new generators of dimensions > 5 
do not appear so that the algebra closes within the fields L, VF3, W4 and W^. The algebra 
can be identified with the special W(2, 3, 4, 5) by comparing the structure constants with 



^) It has been known to the authors of [29] shortly after its publication that there is no 
independent spin 6 field [30]. 
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those given in [7] for this algebra. For example, we obtain for the structure constant C33 
in standard normalization 

4 128(fc-3)(2fc + l)(2fc + 3f _ 16 (c + 2)(c+10)^(5c-4) 

^^^^ (fc-2)(fc + 2)(3/c + 4)(16A;+17) 3 (c + 7)(2c- l)(5c+ 22) ^ ^ 

in accordance with the yV(2, 3, 4, 5) of [7] different from WA4. The corresponding structure 
constant in [31, 29] and in [32] (derived from a construction using SU{2) parafermions) 
agrees with eq. (2.1.5). 

The identification of sZ(2, lR)/t/(l) with the special VV(2, 3, 4, 5) is further supported by 
the following calculation of the vacuum character of sl{2, ]R)/C/ (1). To this end one has to 
count the uncharged states in the module generated freely by J^: 



nn>i(i - - ^-^r) nn>i(i - nn>i(i - 

(2.1.6) 

where the first manipulation follows from the well-known identity 



1 T.me7L<t>m{q)z^'^ 



(2.1.7a) 



nn>o(i - - z-^q-+^) nn>i(i - 

(see e.g. [33]) with 

<t>m{q) = J](-l)'^g"^+-^ <^-ra{q) = q'^4>m{q). (2.1.7b) 

r>0 



The vacuum character -Bo(q') of sZ(2,I[l)/?7(l) is given by the m = term of the r.h.s. of 
eq. (2.1.6) which is the generating function of the U{1) singlets: 

0( ) ^ Uq)-q^M (2.1.8) 

n.>i(i-r)' 

This agrees with the corresponding formula of [29] after correcting the following misprint: 
the exponent of f{q) in formula (4.14) of [29] should read 2 not 3. For the difference 
of Bq^q) and the character X2,3,4,5 of the vacuum module freely generated by fields of 
dimension 2, 3, 4 and 5 we obtain 

S°(g) - X2,3,4,5 = -2q' - 4g9 - 9q'' + 0{q''). (2.1.9) 

This supports the identification of the coset algebra sl{2,lR)/U{l) with the special so- 
lution of W(2, 3, 4, 5) because both algebras have two generic null fields at conformal 
dimension 8 [7]. 

Commuting charges 

One might wonder if the confusion in the literature about the existence of a finite set of 
generators for the quantum coset sZ(2,]R)/t/(l) has any impact on the associated set of 
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commuting charges [34] . Note that the computation of [35] need not necessarily reflect the 

general case because it strongly relies on /c = — 1, i.e. c = —4. For c = —4 the existence of 
one charge per integer dimension is due to the fact that c = —4 is exactly one of the two 
values where Woo truncates to the W(2,3,4, 5) under consideration [17]. Therefore, the 
conserved charges might be specific to c = — 4 and the general case could be different. 

In this section we will present a few explicit results indicating that the misinterpretation 
of the generating set has no impact on the conserved charges. In particular, it seems to be 
true that there is one conserved charge for each integer dimension [34] - in contrast to the 
WAji Casimir algebras where some of these charges are missing. The generic null fields 
(or relations) play a crucial role because the commutator of two charges Vi and Vj does 
no longer need to be exactly zero but can be proportional to the integral over a null field, 
relaxing the constraints on the commuting charges. Using the explicit form of the abstract 
>V(2, 3,4, 5)-algebra [7] ^), we can indeed construct the first few commuting charges: 

3 




16(2 + c) 



(5c3-100c2- 1100c -32) (2-1-10) 
+ ^^^^ + 2(7 + c)(2c-l)(22 + 5c) + 



(20320 + 10928c + 1032c2 + 34c3 + 5c4) 3 , 

24(l-2c)(7 + c)(22 + 5c) 2 ' 

The various null fields with dimensions > 8 appear in the commutators of V3 with V4 and 
of V2, Vs and V4 with V5. The presence of the charge V5 is contrary to the case of the 
WAa algebra with the same spin content, where all charges of dimension (mod 5) are 
missing. 

We have checked that specializing (2.1.10) to c = — 4 (A; = —1) one finds agreement with 
eq. (27) of [35]. One can also check that the classical limit of (2.1.10) is consistent with 
the classical conserved charges of [36]. The computation of this classical limit which has 

to be performed on the construction in terms of sZ(2,lR) is straightforward but tedious 
because leading orders in h cancel and the classical conserved charges arise from (2.1.10) 
as subleading orders in h. 

The coset SVIR{N = 2)/f7(T) 

In the following we report an explicit construction of the generators in the quantum coset 
SVIR{N — 2)/U{l). The classical version of this coset was presented in [9] where also 
some of the results presented below were already mentioned. 

For the N = 2 Super Virasoro algebra we use the explicit form of [37] eq. (2.12). The coset 
we intend to consider is defined as the commutant of the L''(l)-current J. For explicit 



') Note that the prefactor of C35 in the appendix of this reference has a misprint and 
must therefore be multiplied by a factor of | ! 
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calculations it is convenient to use a Vertex-operator approach. First we note that 



[J^,X„]=0 Vm,n ^ J_^Xd(x)|0) =0 , m = 0,1, . . . ,d{X) (2.1.11) 

for any field X with fixed scale-dimension d{X). For later purposes we also note a similar 
result for primary fields. The equivalence we will use is 

[Lm, Xn] = {n- {d{X) - 1) m) X^+n "^rn, n 
^ L_„Xd(x)|0) =0, m=\,...,d{X) 

for the primarity of a field X with scale-dimension d{X) with respect to some energy 
momentum tensor L. 

One now proceeds as follows: First one makes the most general ansatz at a given scale 
dimension for an invariant field (it is better to use standard normal ordered products and 
derivatives) . In our case we also have a Jo-grading in addition to the Lo-grading. Therefore, 
in our ansatz we may restrict to 'uncharged' composite fields (fields with Jo-grade 0). This 
automatically ensures that the condition Jo-^d(x)|0) = is satisfied. When extracting 
conditions for the ansatz from the vacuum module it is important to use a basis in the 
space of fields which can most conveniently be implemented by choosing a lexicographic 
ordering. 

First we find a unique invariant field at scale dimension 2 

L^L-^JJ. (2.1.13) 

L satisfies the Virasoro-algebra eq. (1.1.2) with shifted central charge c = c — 1. Exploiting 
the first condition eq. (2.1.11) we find two- respective four- and six- dimensional invariant 
spaces of fields at conformal dimensions 3, 4 and 5. Imposing additionally the primarity 
condition eq. (2.1.12) we find unique primary invariant fields at scale dimensions 3, 4 and 5. 
For brevity we omit the lengthy expressions for the primary fields W^'^\ W^^^ and present 
only 

1^(3) =j,(-^ LJ + GG+ ^ d'^J - dl] . (2.1.14) 

\ c 3c / 

The normalization constant v is fixed to i/^ = 2(26-i)(l+7) imposing the normalization 
condition ^3,3 = |. Now a standard computation shows that the structure constants con- 
necting the primary fields VF'^"^-', VF*^^-*, W^^'^ are identical to those obtained for the special 
solution of W(2, 3, 4, 5) involving null fields [7]. This suggests that the coset considered 
here coincides with this algebra. 

Analogous to s/(2, lR)/t/(l) this identification can also be inferred from a character argu- 
ment, i.e. from the vacuum character of SVIR{N = 2)/U{l). According to the results of 
[9] we have to count the states in the vacuum representation of the N = 2 algebra which 
are charge neutral and do not contain J. 
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We use the Jacobi-triple product identity to write the N = 2 vacuum character as 

nn>i(l + ^V+^)(l + ^"V+^) _ (1-9) E^e^g^^^-" 
nn>i(l - - g"+') nn>i(l - (1 + z^q^){l + z-^qhy 

Expanding the denominator into the geometric series 



(2.1.15) 



(l + z2g2)(l + ^ 2^2) 
one obtains for the vacuum character AQ{q) of the C/(l)-commutant in SVIR{N = 2): 

= n 'V..^ E (-1)"+^,^,^^. (2.1.17) 

This is compatible with three additional generators of dimensions 3, 4, 5 respectively and 
two generic null fields at scale dimension 8 - precisely what has been found for the special 
yy(2, 3,4, 5) in [7]. This supports the above identification quite convincingly. 

The question if the coset algebras s/(2, 1R)/C/(1) and SVIR{N = 2)/U{l) arc isomorphic is 
a natural question since we claimed that both cosets are isomorphic to yV(2, 3, 4, 5). First 

we show that the vacuum characters of sl(2^)/U{l) eq. (2.1.8) and SVIR{N = 2)/U{l) 
eq. (2.1.17) are equal. To this end we define 

f{a,P) = i-ir+f'q^q^^. (2.1.18) 

Since f{a + 1, /3 + 1) = qf{a, (3) most terms in eq. (2.1.17) cancel so that only the two axes 
CK = and /? = survive. Hence we obtain 

AH,) = f E(-l)°^^ + i:(-ir . (2.1.19) 

Using the definition of (pmiq) (cq. (2.1.7b)) this coincides obviously with the vacuum char- 
acter eq. (2.1.8) of sl(2^) /u(l). 

However, it is not difficult to show that the commutants are algebraically isomorphic. One 
uses the realizations of sZ(2,]R) and the SVIR{N = 2) in terms of a free boson and 7Lk 
parafermions (see e.g. [38,39]). The C/(l)-current J is just given by the derivative of the 
free boson (p. The fields J resp. G, G are represented by two parafermionic currents -i/' 
with conformal dimension 1 — dressed with a vertex operator e^*"'^'^^'^ with a suitably 
chosen a{k) (compare [38, 39]). The parafermions tf)^ themselves can be realized in terms 

of two free bosons [38]. The ?7(l)-commutant is generated by the invariants quadratic in J"^ 
resp. G, G implying that in both cases the commutant is built out of the two parafermions. 
Thus the two t/(l)-commutants are isomorphic. Note that in the A; — > oo limit the two 
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parafermions have conformal dimension 1 and the character of the commutant is exactly 
the one calculated in eq. (2.1.8). 

Until now we have not treated the cancellation of the classical generators and relations in 
the quantum case. Therefore, let us understand why in the quantum case we fail to get 

a new generator at scale dimension 6 in the coset SVIR{N = 2)/U{l) and compare it 
with the classical situation. The field {{GG){GG)) does not belong to the set of quantum 
generators - classically it vanishes identically because of the Pauli principle. However, due 
to the nonassociativity of the normal ordered product it satisfies the following equality 
(quantum): 

{(GG)(GG)) = (c + 9) d^GG + 2 d^GdG + dGd^G- f Gd^G + dJ{dGG) 

+ dJ (GdG) + 2 J (d^GG) + 2 J (Gd^G) + 2dL (GG) + 2L (dGG) -2 L (GdG) 

+ 2 d'^LL-l d^LJ-d^LdJ-l Ld^J+ \ d^JJ+ \ d^JdJ-^ + ^ d^L. 

_ _ (2.1.20) 
From this expression one can see explicitly that {{GG){GG)) tends to zero in the classical 
limit (compare section 3.1.). This equality implies that the square of the generator W^^^ 
contains correction terms that cancel contributions which might give rise to new gener- 
ators. This mechanism guarantees that the quantum coset SVIR{N = 2)/U{l) has at 
least a finitely generated subalgebra of type W(2, 3, 4, 5). Such cancellations do not occur 
classically. Therefore, the coset under consideration is infinitely generated classically with 
a first relation at scale dimension 6. 

It is also straightforward to derive the representations of the coset algebra from those of the 
N = 2 Super Virasoro algebra. Each highest weight representation of the Super Virasoro 
algebra satisfying 

Lo\h,T) = h\h,T) Jo\h,T) =T \h,T) (2.1.21) 

gives rise to one (in general reducible) representation of the coset algebra with the following 
eigenvalue equations for the highest weight vector: 

Lo\h,T) =h\h,T) W^^ \h,T) =Wi\h,T) z = 3,4,5. (2.1.22) 

Obviously, the central charge is shifted by one: c — c — 1. h and Wi can be expressed 
through h, r and c using the realization of the generators. One finds: 

I . /6r r(c2 + 18r2)\ . .on 

h = h-- ^, = .[h-- ) . (2.1.23) 

In particular, all minimal models of the coset algebra can be derived from those of the 
N — 2 Super Virasoro algebra. Note that the N — 2 Super Virasoro algebra presumably 
has only unitary minimal models. 



We know that the W(2, 3, 4, 5) is the unifying algebra for the first unitary model of WAk-i 

'k+2 



17], i.e. that WAk-i truncates for c{k) = 2|-i to W(2,3,4, 5). From the above coset 



realizations 

sZ(2,lR) ^ SVIR{N=2) 



>V(2,3,4,5) (2.1.24) 
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we expect that the first unitary model of WAk-i agrees with the rational models of 
SVIR{N = 2)/U{l) coming from the unitary minimal models of the N — 2 Super Virasoro 
algebra. Indeed, using eq. (2.1.23) one can compute the conformal dimensions and Wi 
quantum numbers for SVIR{N = 2)/U{l) and one finds perfect agreement with the first 
unitary model of WAk-i- 

For WAk-i we are in the fortunate position that at least some structure constants are 
known generally [40]: 

. 4 x2 _ 64(/c - 3)(c + 2){c{k + 3) + 2{4k + 3){k- 1)) 
^ " (fc-2)(5c + 22)(c(fc + 2) + (3fc + 2)(fc-l)) 

^4 ^4 _48(c2(/c2-19) +3c(6/c3-25A;2 + 15) +2(A;-l)(6fc2-41A;-41)) ^ ■ ■ ^) 

^33^44 — 



{k - 2)(5c + 22)(c(/c + 2) + (3A; + 2)(/c - 1)) 



2 

We compute the so far unknown structure constants (C34) and Cfg. This can be done in 
two different ways. Either one uses an ansatz involving a representation theoretic argument 
[8] or one evaluates special Jacobi identities for WAk-i- Both methods yield the same 
result: 

. 5 . 2 _ 25{ck + 4c + 15k^ -3k- 12) (5c + 22) {k - 4) 
^ ~ {ck + 2c + 3k^ -k~ 2) (7c + 114) (A; - 2) 

C|5= ^((2 + c)(114 + 7c) {k-3) (8A;2 + c/c-2A; + 3c-6))"^C^3 

x(6756+4120c-483c^-97c^-6972A;2-5192cA;2-467c^A;^+3c^/c2+216A;^+856c/c^+94c2fc^) 

(2.1.25b) 

where we have also presented the result for Cfg that was obtained exclusively with the 
methods of [8]. Inserting c{k) = 2j^ into eq. (2.1.25) reproduces eq. (2.1.5) verifying 
again the truncation of WAk-i at c{k) to >V(2,3,4, 5) given in [17]. For this particular 
value of the central charge all generators with scale dimension 6 or higher turn out to be 
null fields. This can be verified directly for /c = 6 by inspecting the structure constants 
presented in [7] for WA5 ^ W(2,3,4, 5,6) (see also [17]). 

This identification can be interpreted in a more general way if one inspects the "dual coset 
pairs" given in [1,18,19]. Here dual coset pairs possessing equivalent energy momentum 
tensors ( "T-equi valence" ) have been presented, e.g. sZ(A;, H)^ © sZ(A;, IIl)^/sZ(A;, 11)^^.^ = 

si(«;+/i, 1R)^/(s/(k, IR)^ © U{jj,)k)- Specializing to k = = 1 we know that the left hand 
side yields the first unitary model of >V^fe_i at c{k) [15]. The right hand side reduces to the 

coset sZ(2, lR)^/[/(l) and we get back the equivalence considered above. Our investigations 
go beyond [18, 19]: we have verified that the maximally extended symmetry algebras are 
isomorphic and not just the energy momentum tensors. In section three we will discuss 
the relation of unifying W-algebras to level-rank duality in more general situations. 

2.1.2. The coset W^j^^/uil) 

Like the SVIR{N = 2)-algebra, the Wj'f ^-algebra of Polyakov and Bershadsky [27, 28] 
has a primary field of dimension 1 and two of dimension | in addition to the energy mo- 
mentum tensor. W^^^^ is obtained by quantum hamiltonian reduction for the nonprincipal 
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embedding of sl{2) in sl{3). In contrast to the SVIR{N = 2)-algebra the spin | fields 
obey bosonic statistics. One important consequence is that the OPE of the generators 
does not close linearly, but quadratically in J°. 

In the normalization of Bershadsky [28] the algebra reads 



G+irG- = {k + l){2k + 3)I + 3{k+l)J° + 3P^^ 



(2.1.26) 



where the central charge c of this algebra is connected to k by 

c= -(2k + 3){3k+l)(k + 3)-'^ (2.1.27) 
and the field Pj^^ is the composite primary field: 

pll = J°J° + |(fc + 3){3k + l)-i L. (2.1.28) 

The classical version of the coset Wa^PVf^) has been treated in [41] and an infinite gener- 
ating set of the commutant has been given. A nonredundant (infinite) set of generators and 
the full (infinite) generating set of relations between these generators have been presented 
in [9]. We discuss now the quantum version of this coset model. 

As for s/(2, lR)/t/(l), we construct W2'PV^(1) by computing a Virasoro-operator L and 
a primary Wa-field both commuting with J° '*), and recursive evaluation of the OPEs 
starting with W3 ★ W3. The bosonic statistics of the fields G"^ implies that the classical 
limit of Pg^ whose leading term is ((G"*" G~) (G"*" G~)) does not vanish. Therefore, in the 
coset-algebra a VFg-field appears, contrary to the coset SVIR{N — 2)/U{l). Analogously 
the only composite field with scale dimension 7, Py^, does not vanish in the classical limit. 
From counting the invariant fields (commuting with J°) up to scale dimension 8 we expect 
that the quantum coset does not contain a spin 8 generator which is confirmed by our 
explicit calculations below. 

First we have to construct the modified energy momentum tensor and the Ws-field both 
commuting with the ?7(l)-current J°. These fields are given by: ^) 

L = L- |(3 + 2A;)-ij°J° (2.1.29) 
W3 = 2(3+2fc)2 {'2i3+2kfG+G- -18{2+k)rrr + 6(3+fe)(3+2fe)LJ°- 

6{3+2kfdJV" + {3+k){3+2kfdL - 2{3+2k){6+4k+k'^)d'^J''^ (2.1.30) 

where the central charge is again shifted by one, 

c = c-l = -6{l + kf{3 + k)~^. (2.1.31) 



^) Since W3 commutes with J° it is simultaneously primary under L and L. 

^) The difference of L to the one of the SVIR{N = 2) /U^)-coset is due to the different 



normalization of J°. 
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We verified the following OPEs: 



Wg^Wg = 4,3/ + W4 W3*W4=^W3 + W5 W3 ir W5 = + 

"3,3 "4,4 

W,i.We = 4^Ws + ^W, + Wr + C^l 

"3,3 "5,5 



w^4 * w/5 = :t^w^3 + cIsW^s + cJsW^T + cfl ^'t'^ + cfi Pt 

"3,3 

(2.1.32) 

The fields W4 to WV are again defined recursively by these OPEs. In order to save space 
we omit the lengthy expressions of these fields. For our purpose (i.e. to show that there 
is no new spin-8 field) it was not necessary to define the new fields Wq and W7 to be 
orthogonal to the composite fields Pq^ and Pf^, i.e. they are just defined by eq. (2.1.32). 
The appearance of W3 in the OPE of W3 with Wq reflects this fact, where de is the off- 
diagonal element of the spin-6 fields: Weir Pp = del + ... . The OPE of W4 with Wq 

sKS^ — """" — 

does not show a new spin-8 field. We expect therefore that the W2 1 /?7(l)-coset has a 
subalgebra of type VV(2, 3, 4, 5, 6, 7) (being different from the W^e— algebra). The OPEs 
eq. (2.1.32) do not exclude completely the existence of fields with dimension > 9 in the 
coset, but supporting counting arguments on the classical level [9] can be given. Moreover, 
these counting arguments indicate two generic null fields at dimension 10. 

The structure constant Cfg in standard normalization for this algebra is given by 

4 2 ^ 128fc^ (3 + fc) (5 + 3k) (12 + 5k) 
l^33j (1 + 2/c) (9 + 4/c) (-18 + 19/c + 15/c2) ■ K ■ ■ 

Rewriting it in terms of the new central charge c would lead to square roots in the expres- 
sion. Additional structure constants are given in appendix B. 

The spin content of VV2'i^V^(l) suggests that this algebra is a unifying algebra for a 
certain model of the WAn-i Casimir algebras. Indeed, with the relation k = we 
find that the central charge of the [^^11 {l)-coset eq. (2.1.31) coincides with the central 

charge c^„_i (n + 1, n + 3) = —3 ^^"^3 of the nonunitary model p = n-|-l, q = p + 2 
of yVAn-i- Furthermore, we find agreement of the structure constants {C^z)^ of WAn-i 
eq. (2.1.25a) and the ^2]^^ /U{l)-cosei cq. (2.1.33) for these particular choices of k and 
c. Thus we expect that the generators of WAn-i with scale dimension > 8 are null fields 
for these values of the central charge so that the Casimir algebras WAn-i truncate to this 
>V(2, 3, 4, 5, 6, 7). This is also supported by the study of Kac-determinants in [17]. 

Unfortunately, we are not able to verify that the highest weight representations of the 
corresponding models coincide since the highest weights of the minimal models of the 
14^2'^^^ -algebra are not known. We calculated explicitly the highest weights of the first few 
minimal models of W2'i^'' ^^e sector with periodic boundary conditions for the fields 



14 



with half-integer spin. The induced representations of the coset he aU in the Kac-table of 
the corresponding WAn-i models. Our explicit calculations show that the set of highest 
weights given in [28] is certainly too big. 

Generalizations 

Our aim is to generalize the result of the preceding section to unifying W-algebras of the 
nonunitary models c^„_i (n + 1, n + r) of WAn-i- 

From the experience with the case r = 3 (the Polyakov-Bershadsky algebra) we expect that 

si (r) 

these unifying W-algebras should arise as cosets of DS type W-algebras W^_i i which have 

a U{1) Kac-Moody subalgebra. Consider therefore the r-dimensional defining representa- 
tion of sl{r). One embeds sl{r — 1) Q)U{1) into sl{r) by separating the last node from the 
Dynkin diagram of sl{r) (the first r — 2 nodes realize sZ(r — 1)). The defining representation 
of sl{r) splits into the r — 1 dimensional defining representation of the sl{r — l) subalgebra 
and the trivial representation. Take now the principal sl{2) embedding into the sl{r — 1). 
Quantum hamiltonian reduction yields an algebra of type W(l,2,...,r — with all 

fields bosonic. The spin | fields have C/(l)-charge ±1 whereas all other simple fields are 

sl(r) 

uncharged. In the notation introduced in section 1.1. this algebra is denoted by W^_\^i. 
Following [9] we obtain for the coset: 

^ W(2,3,...,2r+1). (2.1.34) 

U{1) 

Comparing with table 1 in [17] we see that this algebra has indeed the spin content of the 
unifying algebra for the models c^„_i (n + 1, n -(- r). 

To get a confirmation let us treat the case r = 4. We constructed explicitly the OPEs for 
the algebra Wg'f^ = W(l, 2, 2, 2, 3). To check our conjecture we calculated the structure 

constant Cfg in the coset W(l, 2, 2, 2, 3) /U{1) ^ W(2, 3, 4, 5, 6, 7, 8, 9) yielding truncations 
of WAn-i to W(2, 3, 4, 5, 6, 7, 8, 9) for: 

, , (n-l){2n-3) . . rn-l)(2n-l) , , (3n + l)(5n+3) 

cAn) = -4-, ^-i- C2(n) = -4-^ r^-^-r^ cs(n) = , ^ , -. 

^ ^ (n-3)(n-4) ^ ^ (n+4) ^ (n + 3) 

(2.1.35) 

The first truncation corresponds to the Woo truncation of section 3 in [17] with r = 4. The 
second truncation is exactly the truncation of the nonunitary models c_4^_^(n -|- l,n -|- 4) 
of WAn-i- This confirms our claim from above. 

sl(r) 

For a final check we compute the central charge of the algebra W^_\ ^ as a function of 
the level k of the underlying Kac-Moody sl{r)^. We use the formula c = Nt — ^Ng — 
12\\/k + 5 — ^^^^v (s^^ ^-g- [12]). For the embedding under consideration one has 
Nt = r — 1, Ng — 2 for r odd and A^t = r-|-l, A'^g = for r even. A matrix representation for 
pand5isp = diag(^,^,...,-^),5 = diag(^,...,§-M,0,-§ + M,...,_2:^). 

The scalar product of two matrices is the usual one: a ■ b = tr(a6). With this data it is 
straightforward to calculate c as a function of k for wfjli i : 

(kr"^ -2kr + -3r'^ + l)(kr - k + r"^ -2r) . . 

' = fcTT • ^'-'-''^ 
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From the fact that the coset (2.1.34) is a unifying algebra for WAn-i at c^„_i (n + 1, n + r) 
one must have c — 1 = c^„_i (n + 1, n + r). This is indeed satisfied for 

k=^^^^^. (2.1.37) 

Note that the relation (2.1.37) between the level k and the rank of WAn-i is linear with 
a denominator r — 1. This simple relation increases our confidence that the cosets (2.1.34) 
play indeed the role of unifying W-algebras. 

2.1.3. The coset sl(X~^)^ © 

In this section we study the diagonal sl{2,M) coset. Noting from [42, 18, 9] that 

and that the l.h.s. at generic is a deformation of the r.h.s. we conclude that much 
information about the coset we are interested in can already be obtained from the simpler 
coset sZ(2,]R)^/sZ(2,]R). Therefore, we treat this coset first. 

.s/(Tr),,/.s/(2.R.) 

Upon a mode expansion of the OPE eq. (2.1.1) we obtain the following commutation 
relations for the Kac-Moody algebra s/(2, M)^: 

We want to construct the invariant subspace under the natural action of s/(2,lR) on 
s/(2,lR). This means that we have to construct all fields commuting with { Jq^-*, Jq^-*}. 
From the coefficient of [Jq^\ in front of X^, one concludes first that X must be J^^^- 
uncharged. 

It is straightforward to make the most general ansatz in uncharged fields of scale dimension 
2 and determine the field(s) that also commute(s) with It is no surprise to find a 

unique invariant field (up to normalization) at dimension 2, which is just given by the 
Sugawara construction: 

2(« + 2) L : = U{J^^\ J(-)) + |A^(J(°), J^°)) + A^(J(-), J(+)) 

with Ar(j("), J(0)) = J(0) J(0), Ar(j(±), J(T)) = J(T) j(±) ± iaj(o). It is straightforward 
to check that L satisfies the Virasoro algebra eq. (1.1.2) with central charge c = 3k(«; + 
2)~^. Note that the original currents are primary with respect to L. Therefore, one can 
conveniently use quasi-primary normal ordered products in the calculations which we shall 
do below. 
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One can proceed along the same lines to find the next independent invariant field at scale 
dimension 4. However, this approach becomes unfeasible for higher dimensions. Therefore, 
we use group theoretic knowledge about the generators of this coset [9]. Let g"^^ be the 
metric on the simple Lie algebra and /^^ be the structure constants. With the inverse of 
the metric gij we define e^-fe := YliQkiflj- Then, the 5'L(2,1R) invariant generators are 
given by [9] 

Sm,n -=^.910 d-J^^^d^J^'\ (2.L41a) 
Sm,n,k :=X]ei,7 a^j(^)a"j(^)a"^J« (2.L41b) 

Instead of the second order invariants Sm,n we use their quasi-primary projections: 

^(n+2) :=^(j(+),a"j(-)) + iA/'(j(°),a"j(°))+A/'(j(-),a"jW) (2.L42) 

for all even n. For the third order invariants it is more complicated to obtain quasi-primary 
projections; we will come back to this problem below. Note that it can also be verified 
case by case that W^"^^ and Sm,n,k indeed commute with Jq^"* (they commute with Jq^'' by 

construction) using the fact that [Jq^^X] = is equivalent to Jq^^ X(i(^x)\Q) — which is 
in the spirit of (2.L11). 

In order to obtain a generating set for the quasi-primary projections of the third order 
invariants we first note that the third order invariants are classically completely antisym- 
metric and therefore the quantization S„i.n,k can be expressed in terms of lower order 
invariants if any of the arguments coincide. Next, the derivative d maps third order in- 
variants to third order invariants. Keeping all this in mind we may choose as independent 
generators 

'S'0,1,25 'S'0,1,45 'S'ci^s, -50,1,6) -50,1,7, -50,1,8 (2.1.43) 

up to dimension 12. The quasi-primary projection of these fields can now be calculated by 
orthogonalization with respect to all derivatives - using again the vacuum representation. 
One obtains the following quasi- primary third order invariants: 



-50,1,2 


•=-50,1,2 












-50,1,4 


:='5o,i,4 




10 q2 c 
- 13C ^0,1, 2, 








-50,1,5 


:=-5o,i,5 






50 q3 c 
9TC .^>0,1,2 


+ 




-5o,l,6 


:=-5o,i,6 

315 
136 


^^-5o,l,4 — |^-5o,l,5) 


+ - 


^5^-5o,l,2 


+ 




-5o,l,7 


:=-5o,i,7 


495 429^ "^"^ 


+ 14^5^(6) _ 


^5^-5o,l,2 


+ 


140^3^(8) 



(2.1.44) 
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Using (2.1.44) we have computed determinants of all quasi-primary fields up to scale di- 
mension 9. From the zeroes of the determinants one can read off those values of k, where 
truncations of the coset algebra occur. All determinants have a singularity at k = —2 
which reflects the fact that the c{n) — + 2)~^ —>■ oo limit of this coset algebra is not 
well defined (see also section 3.1.). Furthermore, all fields are null fields at k = c = 0. The 
remaining exceptional values of k are listed in table 1. For these values of k we have further 
determined the kernels of the d-matrices giving us precise information which generators 
drop out. The resulting generating sets are also presented in table 1. 



K 


C 


algebra 


generic 


generic 


W(2, 4, 6, 6, 8, 8, 9, 10, 10, 12) 


1 


1 


yv{2) 


2 


3 
2 


W(2,4,6) 


3 


9 
5 


W(2,4,6,6,8,9) 


4 


2 


>V(2,4,6,6,8,8,9,10) 


5 


15 
7 


W(2, 4, 6, 6, 8, 8, 9, 10, 10) 


1 

2 


-1 


W(2,4,6) 


4 
3 


-6 


>V(2,6,8,10,12) 


8 
5 


-12 


W(2,4,6,8,9,10,12) 


_ 12 


-18 


W(2, 1,6.6.8.9,10) 



Table 1: Truncations of the sZ(2, ]R)^/sZ(2, ]R)-coset algebra 
The information beyond scale dimension 9 for positive integer k in table 1 is taken from 
the character arguments presented in [43] (see also [1]). For the remaining cases informa- 
tion about dimensions higher than 9 is obtained from character arguments which will be 
discussed at the end of this section. The algebras of type W(2, 4, 6) appearing in table 
1 are not identical; the case k = — | was discussed in detail in [9] and corresponds to 
the solution which was unexplained for some time [5, 16], the case k = 2 is the bosonic 
projection of the N = 1 Super Virasoro algebra. 

It is now straightforward to obtain a primary set of generators by orthogonalization of 
(2.1.42) and (2.1.44) with respect to normal ordered products A/". Up to scale dimension 6 
one can choose for example the following primary generators in addition to L: 

=24{k + 2fj\f{L, L) - {Z7k + AA)W^'^\ 

$(6a) =i920(k + 2) W(A/'(L, L), L) - 40(209k + 328) (k + 2)U(W^^\ L) 

+ 18(31k + 24)(9av + 1&)W^^^ + 45(9k + 16)(k + 8)^0,1,2, 

$(6b) =3840(675K3+75K^-1403K+4328)(K+2)W(A^(L,L),L)+A^(K+2)W(L,a^L) 

- 360(89k + 136) (15k - 8) (5k + 13) (5k - 2)(k + 2)J\f{W^'^\L) 
+ 5(3645k^ + 19947k2 - 200k - 40192) (89k + 136) (5k - 2)^^^^) 

- 30(645k^ - 928k - 3392) (89k + 136) (5k - 2)5o,i,2, 

(2.1.45) 
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where we have used the abbreviation 

M := 36(18225k^ + 485475^?^ + 637424^2 - 1738048av - 2584576). 

The two point functions (or central terms) read 

^4,4 =120(37« + 44)(3^ + 4:){k- 1)k, rfe^.ea = 8 (9k. + 16)(k - 1)k, ^ 

4b,6b =252000 (89k + 136)(5k + 8)(5k-2)(3k + 4)(2k+1)(k-1)(k-2)k. ^' ' ^ 

Note that we have chosen (iea.eb = (^eb.ea = 0. The normahzation constants (2.1.46) 
indeed vanish for the corresponding values of k of table 1. The additional zeroes belong to 
Virasoro-minimal values of c (where a correction term becomes a null field and thus the 
primary projection fails). 

Finally, we present the first nontrivial structure constant of this coset algebra in standard 
normalization (^4^4 = |): 

. 4 .2 _ 2(99k^ - 25k - 236)^ _ (35c^ + 211c - 354)^ 

'^^^^ ~ 5(37k + 44)(3k + 4)(k + 2)(k- 1) ~ 15(5c + 22)(c + 6)(c- 1)' ^ ' ' 

Further structure constants would strongly depend on the choice of basis and therefore we 
omit them. 



s/(2,lR)^©s/(2,lR) /s/(2,lR)^ 



Next, we consider two commuting copies of the Kac-Moody algebra ^-^ _ -^^ 2) based 

on s/(2, H). The j(*'='='^) each satisfy eq. (2.1.39) independently, the mixed commutators 
being zero. We denote the first level by k and the second level by All the currents 
are primary spin 1 fields with respect to some energy momentum tensor. We are however 
not going to use any information about the nature of this energy momentum tensor or its 
central charge. 

We want to construct the invariant subspace under the action of the diagonally embedded 
sl{2, H). This means that we have to construct all fields commuting with 

j(±) j(i,±) + j(2,±)^ j(0) _ j(i,o) ^ j(2,o)_ (2.1.48) 

This task is simplified by the observation that this s/(2,lR) is generated by the horizontal 
s/(2,lR) subalgebra of (2.1.48) and all modes of the current J^^\ So the commutant con- 
sists of those sZ(2, ]R)-invariant polynomials which also commute with J^^\ The sZ(2,]R)- 
invariant fields are generated by (2.1.41) where we have now the freedom to insert the 
currents J^^^ and J*-^-* for any of the arguments. The second order invariants coming from 
(2.1.41a) are 

'5m,n(r-, s) := + j^^'O^a^^j^'''^) + (2.1.49) 

The third order invariants Sm,n,k{f, s,t) are obtained from (2.1.41b) in the same manner. 

For explicit calculations we use again the Vertex-operator approach of section 2.1.1. First, 
condition (2.1.11) is used to find the invariant fields. Then, the primary generators can be 
computed from (2.1.12). 
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The first invariant we find with the ansatz (2.1.49) and the condition (2.1.11) is the coset 
energy momentum tensor 



^ 1 ^T-^^So o(l,l) - So o(l,2) + -^^^—So o(2,2)] . (2.1.50) 
K + ii + 2 V2(k + 2) '''''^ ' ^ '''''^ ' ^ 2(/x + 2) '''''^ '7 

The central charge c of the coset theory is found immediately to be 

c=^(l- 2, ^±1 . (2.1.51) 

H + 2\ {k + ii + 2){k + 2) J ^ ^ 

Note that for the diagonal coset the original currents are not primary with respect to the 
coset energy momentum tensor (2.1.50). This is the reason why it is not advantageous to 
use quasi-primary normal ordered products J\f. 

The next primary generator can be constructed at scale dimension 4 using eqs. (2.1.49), 
(2.1.11), (2.1.12). The explicit form can be found in appendix C. From this realization 
one obtains the central term (or normalization constant) which is omitted here. A tedious 
calculation yields the self-coupling constant of the dimension 4 generator. In standard 
normalization it reads 

{Cj^f= 18(|99(kV+«V^)-25(k//^ + kV)-236(/+k^) + 198kV+742(kV^+«V) 
- 672 (k/x^ + kV) - 1 888 (//^ + )+ 576k V - 4088 (k/x^ + kV) - 5 1 68 (/x^ + )- 8592k// 

-5568(av+//)-1792)^(^5(av - 1)(// - 1)(2 + k){2 + //)(4 + 3av)(4 + 3//)(2 + « + //) 
(5+K+//)(8+3(K+At))(176(l+K+/i) + 44(k^+//2) + 192k// + 37(K^/i + k/x^))) \ 

(2.1.52) 

A few remarks about the structure constant eq. (2.1.52) are in place. It is symmetric in 
the levels k and fi reflecting the symmetry of the construction. Furthermore, eq. (2.1.47) 
is recovered from eq. (2.1.52) in the limit /t — > oo, as it should be. Also the singularities 
for one of the levels k or equal to 1 or —| are expected because in these cases the field 
should be a null field. For /j, = 2 one recovers the structure constants of the bosonic 
projection of the N = 1 Super Virasoro algebra presented in [5, 25] (see also appendix E). 
For /i = — I the structure constant of the W(2,4,6) in [5,16] is reproduced. This last 
identity confirms the identification in [9] of the last unexplained solution >V(2, 4, 6) with 
the above s/(2,lR) coset at // = — |. 

One should mention that one of the levels can be replaced by the central charge c. The other 
level still occurs as a parameter in the structure constants. Thus, the resulting >V-algebra 
can be regarded as a 1-parameter family of algebras of type W(2, 4, 6, 6, 8, 8, 9, 10, 10, 12) 
for generic c. 

Representation theory of sl{2^)^ e sl(2^)_i/sl(ZM)^_i 

We conclude this section with a discussion of the representation theory of the coset 
sZ(2,Il)^ ® sZ(2,lR)_i/sZ(2, lR,)^_i . For coset algebras of affine Kac-Moody algebras one 
has a natural approach to representation theory, i.e. to the set of irreducible highest weight 
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modules (see e.g. [1,44]). One obtains a highest weight module L^/^, of the coset alge- 
bra g/g' by the decomposition of a highest weight module of g under the g' action 

= 0^, -C'a'a' ® ^A' where A' runs over the weights of g' {k' = jk, where j is the Dynkin 
index of the embedding g' ^ g). The corresponding formula for the characters is given by 

A' 

with the so-called branching functions h^,{q). Similarly, for the cosets g/g' one obtains a 
decomposition 

i 

where the Xj now characters of irreducible representations of the Lie algebra g' . 

Let us focus on the diagonal cosets gk-^ ® gk2/ 9kx+k2 where the modules La,a' are believed 
to be irreducible. In this case, the branching functions are equal to the characters of the 
coset up to some prefactor. The representations of gu^ ® g^^ are now labeled by two weights 
Ai and A2 instead of a single weight A. One has the following formula for the branching 
functions for integrable weights Aj, z = 1, 2 at level ki (see e.g. [33]): 

' = E ^^^aI-^^kM ? s^n^iTTOmrv^ (2.1.54) 

where A3 is an integrable weight at level ki + /c2 such that Ai + A2 — A3 belongs to the 
long root lattice of g, W denotes the Weyl group of g and w * • denotes the shifted action 
of the Weyl group element w. The {q) are the Kac-Peterson string functions [45] which 
are defined via the identity 6^ (g) = viQY^A (<?) where 6^ (g) are the branching functions 
of the coset g/h with h the Cartan subalgebra of g, I the rank of h and r]{q) is Dedekind's 
eta-function. 

The limit A;2 — 00 of the coset gk © gk2/9k+k2 is the coset c/k/g- The vacuum character 
for gk/g is obtained from the limit /e2 — cxd of (2.1.54) with Ai = /cAq, A2 = /C2A0, A3 = 
{k + k2)Ao (Aq is the first fundamental weight of g): 

= E K«^)ct*?,+.Ao(^)^^'"*^'' (2-1-55) 

where W is the Weyl group of g. With the explicit form of the Kac-Peterson string 
functions [45] it is relatively easy to calculate the vacuum characters for g = sl{2, IR) and 
the integer levels specified in table 1 above yielding the spins of the generating fields of 
the coset. 

However, we are interested in the generalization of eq. (2.1.54) to the case where one 
of the levels is fractional so that the so-called admissible representations of the Kac- 
Moody algebra carrying a representation of the modular group enter the game [46]. In 

particular, we would like to calculate the branching functions of the coset sZ(2,lR,)^ ® 
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sZ(2, ]R)_ i/sZ(2, ]R)^_ 1 . If the level k = ki is an integer we are allowed to calculate the 
branching functions of the coset involving admissible representations: 

As 

where the sum runs over all admissible representations (we denoted the levels of Aj explic- 
itly). Eq. (2.1.54) may still applied to one fractional and one integer level if one modifies 
the range of summation such that the powers of q remain integer spaced. Using the 
parametrization of [46] for the admissible representations k2 = —\,p = 2k + A, q—p—1, 
I = V^Ai and j = V^A2 + 1, / = v^As + 1 one obtains from eq. (2.1.54): 

r „• , . c_ X — ^ / ; , s — ("T-PI+31-j P) -(p-l) J / , _ (mpq-iq-j p) -(p-q) \ 

bf{q) = q^^2^{c'j,_j_^p{q)q - c'j,_^.j_^p{q)q 1 

(2.1.57) 

where < j < ^, < j' < q, j - j' e 27Z, I e {0, 1} and c = -1 + By definition, 

the string functions satisfy 

4(5) = ^ (2.1.58) 

where the B'^{q) are the branching functions of the coset sl{2, M)_i/U{l). One can read 
off these branching functions from (2.1.7a) observing that the modules of s/(2,lR)_i are 

^ 2 

freely generated in terms of a /3 — 7 system (see [9]). Substituting z'^q^ in (2.1.7a) 

leads to the character of s/(2, IR)_ 1 /C/(l). Multiplication with the correct prefactor gives 
the result 

= ^ ' , '^"^^^ for / = m mod 2 (2.1.59) 
nn>i(l-9") 

where 4>m{.<l) is defined in eq. (2.1.7b). Note that the following symmetry holds 

b""/ = bl'i.,. (2.1.60) 

Thus we get the following Kac-table for the conformal dimensions of the branching func- 
tions: 

./N = li-/l(li-/l + i) _ {jQ-fp?-{p-Q? ./ ^.^p 

^-^'-^ ' 2 2pq •' •' 2 

h{j^ 3') = Kj^ Q - j') for i < i' < g = P - 1, J < 2 li - i'l = (mod 2). 

(2.1.61) 

The second line of (2.1.61) does not reflect a symmetry but means that the conformal 
dimension for f > j is obtained from the first line evaluated at h{j, q — j'). 

For the rational models of W(2, 4, 6) calculated in [16] we get perfect agreement with 
the set of highest weights given by eq. (2.1.61). Taking the limit p — > 00 one obtains 
bi'^iq) = Co(g) — qc2{q) from which one can read off the generators of the underlying 
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W— algebra yielding a W(2, 4, 6). For general fractional level the vacuum character can be 
computed using the results of [47] for string functions ^). 

Eq. (2.1.61) agrees with the conjecture of [8] for the minimal series of this >V(2, 4, 6) which 
was obtained by formal extrapolation to WD-i . We will continue this formal extrapolation 
to the algebras WT>_m in section 3.2.4. 

Using formula (D.2) of appendix D it is easy to show that the conformal dimensions for the 
WCm minimal models with central charge cc„^ {m + 2, 2m + 3) agree exactly with (2.1.61). 
This supports that VVP_i = VV(2, 4, 6) is the unifying algebra for the minimal models of 
the Casimir algebras WCm at cc^(m + 2, 2m + 3) as indicated in [17]. 

2.2. Orbifolds of quantum W-algebras 



In the previous section we discussed cosets. Coset constructions can be viewed as pro- 
jections onto the subspace invariant under an inner symmetry (realized by a subalgebra) 
of a W-algebra. Orbifolds are projections onto subspaces invariant under outer automor- 
phisms (leaving the algebraic structure invariant) and behave therefore similarly to coset 
constructions. It was shown in [9] that these two constructions lead in general to nonfreely 
generated W-algebras. We will further comment on the similar behaviour of these two 
constructions in section 3.1. 

There are two further questions, both turning up in the general context of classification 
of W-symmetries, which motivate the study of orbifold constructions of W-algebras. The 
first motivation is that recently projections of the generators onto invariant subspaces were 
calculated for the classical Casimir algebras WAn-i in [24] and were shown to give rise to 
other Casimir algebras. In all known cases of quantum Casimir W-algebras one can read 
off from the structure constants that such an identity is not true on the quantum level. 
In this section we will show that indeed such an identity is never true for the quantum 
Casimir algebras WAn-i- 

The second motivation is the observation that instead of considering symmetry algebras 
containing fermions - in particular Super W-algebras - it might be simpler to use their 
bosonic projections [50]. In particular, a classification program might turn out to be 
simpler for the bosonic case. From this point of view it is certainly important to study 
orbifolds of W-algebras. 

Orbifolds also turn up in various applications of CFT. For example they occur as the 
chiral algebras of the GSO projected models used in superstring theory [51]. Orbifolds are 
also useful for applications to statistical mechanics. Spin models on the cylinder, torus or 
other higher genus surfaces are difficult to realize in experiments. From this point of view 
the most natural boundary conditions for spin systems are free boundary conditions. At 
conformally invariant second order phase transitions of such two dimensional statistical 

^) Note that the example in table 3 of [47] arising from a coset with two fractional levels 
/ci, k2 cannot be a RCFT in contrast to the claim of [47]. Firstly, it is known that there is 
no RCFT with positive conformal dimensions and c—^ (see e.g. [48]). Secondly, using the 
ideas of [49] one can check that there is no representation of the modular group inducing 
a 'good' fusion algebra with conformal dimensions as in [47] . 
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systems the spectrum generating algebra should be the orbifold of the underlying W- 
algebra. This expectation comes from the observation in [23] that generally boundary 
conditions of TZ^ quantum spin systems are in one to one correspondence with boundary 
conditions of their spectrum generating algebras WAn-i- 

In this section we will take an algebraic approach to orbifolds which is different from the 
usual orbifolds that deal with the complete CFT (see e.g. [22]). If a W-algebra has a 
nontrivial outer automorphism group one can consider the projection onto the invariant 
subspace. We will denote this projection by 'orbifold'. Available results on outer auto- 
morphisms of W-algebras have been collected in [23]. In all known cases the group of 
outer automorphisms is discrete, in many cases the automorphism group is just 7Z2- For 
simplicity, we will restrict to the case of 7Z2 automorphisms. Note that this covers in 
particular the bosonic projections of fermionic W-algebras. Here the automorphism maps 
any fermion if; to —if; and the invariant subspace is precisely given by the space of the 
bosonic fields. 

2.2.1. General remarks and results 

By definition, the energy momentum tensor L of any W-algebra is invariant under all outer 
automorphisms. Therefore, orbifold constructions never change the energy momentum 
tensor L (in contrast to coset constructions). This observation will be exploited using a 
quasi-primary basis from the very beginning which simplifies the transition to primary 
generators. For 7Z2 automorphisms a minimal generating set of the classical orbifolds was 
presented in [9]. The normal ordered versions of these generators are also a (redundant) 
generating set for the quantum orbifolds. From this we obtain in the case of TL^ orbifolds 
that the nonzero quasi-primary normal ordered products 

A/'(0(^\aV2)) (2.2.1) 

of any two generators (f)^^^ transforming under the automorphism as (f)^^^ 1— > —cj)^^^ constitute 
a generating set for the orbifold together with the invariant generators. One can further 
restrict to those normal ordered products eq. (2.2.1) where the fields (j)^^^ appear in a 
certain order. 

The field content of an orbifold can be easily predicted using a character argument which 
also enables one (at least in principle) to determine the representations of the orbifold. Let 
V be an irreducible highest weight module of the underlying W-algebra. Then we define 
a character x(g, z) which also encodes the 'Z2 automorphism by 

X(g,^):=tr^(g(^°-^)^^) (2.2.2) 

where P denotes the parity of a state in V with respect to the automorphism. The 
parity of invariant states is zero (P = 0). The states transforming with a sign under 
the automorphism group are defined to have parity P = 1. The subspace of V invariant 
under the automorphism as well as the subspace of states transforming with a sign both 
provide irreducible representations of the orbifold W-algebra. From this we conclude that 
the decomposition 

Xiq,z)=x^'\q) + zx^'\q) (2.2.3) 
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yields the two characters x^*-* (?) for the two representations of the orbifold obtained from 
V. In particular, the constant part Xo^\q) ^ oi the vacuum character Xoil, ^) of the 
underlying W-algebra is the vacuum character of the orbifold. It is straightforward to 
compute this character for a W-algebra without null fields (which applies to Drinfeld- 
Sokolov W-algebras at generic c) up to a finite order. The field content of the orbifold can 
now be read off by determining the minimal set of fields whose free vacuum module is at 
least as large. 

If XiiQj ^) ctre the characters of a rational model of the underlying W-algebra, the characters 
obtained from (2.2.3) are the characters of the associated rational model of the orbifold. 
Note, however, that for this statement to be valid one has to take the representations of 
all sectors of the original algebra into account, in particular for bosonic algebras also the 
twisted sector [23]. Then the statement about rational models follows from the identity 
(3.6) in [23] for the partition functions. 

Note that instead of determining the field content of the orbifold using this character 
argument it can also be computed by applying a basis algorithm to those simple fields that 
will drop out. The invariant normal ordered products must be contained in the orbifold. 
Either they can be considered as composite or must be added to the generating set. This 
approach is slightly more involved but has the small advantage that one can trace invariant 
fields and up to the cancellation of correction terms in relations and generators (see [9]) 
ensure closure of the orbifold W-algebra. 

The primary generators in the orbifold can be efficiently determined using the definition of 
simple fields (see section 1.1.). Instead of taking the quasi-primary normal ordered products 
(2.2.1) we orthogonalize them with respect to all quasi-primary normal ordered products in 
the orbifold because simple fields are orthogonal to derivatives and quasi-primary normal 
ordered products. 

Finally, the structure constants are determined by a standard procedure: Two- and three- 
point functions of the simple fields are evaluated in the vacuum representation and the 
coupling constants arise as solutions of a linear system of equations (see section 1.1.). 
Below we will use the following notations: W^^'^ denotes a simple field of dimension 5 in 
the original algebra, denotes a simple field of dimension n in the orbifold. dn^n is 
the central term in the commutator of with itself which equals its norm squared. 
The structure constants in the original algebra are denoted by C^(^)^^(;^) whereas for the 
orbifold we just write the dimensions, i.e. C^^. Note that the structure constants for the 
orbifold are given in the standard normalization d^^n — ^ and i^ot in the induced one given 

by dn,n- 

Throwing out one field 

Before presenting a collection of results for 7L2 orbifolds we will first consider the simplest 
case where we project out a single field W^^^ using an automorphism W^^"* i— > —W^^\ In 
order to determine the field content of the orbifold let us look at all invariant fields that 
can be built out of W^^'^ alone. This argumentation will rely on the absence of null fields, 
i.e. it will apply to generic c only. 

First, we discuss the bosonic case where S is an integer 6 — n. According to eq. (2.2.1) 
all fields J\f(W^'^\d^''W^'^^) {k > 0) are invariant under the automorphism. Their pri- 
mary projections cannot be composite for k < n. At dimension An we have 
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invariant fields of the form a^^W^^")) and AA(Ar(Ar(W^(^), W^W), W^W). 

These two fields are equivalent to and A/'($'^^'^\ $*-^"^''). Clearly, there is precisely 

one additional generator $('^"^) at scale dimension An. At dimension An + 2 the invariant 
fields are X{W^''\ d'^^'+^W^''^) and X{X{X{W^''\ H^^'^)), W^^'^)), a^W^")). Assuming the 
cancellation procedure described in [9] to be valid in general, this space is also spanned 
by A/'($(2''\ a2$(2n)) ^($(2n+2)^ $(2n))_ Finally, at dimension An + A there are two 

fourth order and one second order invariant fields (three altogether). At this dimension 

we have in the Orbifold Ar($(2n)^ ^4$(2n))^ ^(^(2n+2)^ a2$(2")), Ar($(2n+2)^ $(2n+2)) 

7V"($(2n+4)^^(2n))_ Thus, there must be a generic null field at dimension An + A. In sum- 
mary, we have generators n < k <2n in the orbifold and a first generic null field at 
dimension An + A. 

The same procedure can be applied to a fermionic field, i.e. d half-integer. Again, we obtain 
generators of the orbifold $(2<5+2fe+i) fj-om the primary projection of J\f{W^^\ d^'^'^^W^^^) 
for < A; < 5 — I and the first generic null field at dimension 45-1-4. 

Note that the Casimir algebras WVn and Wi3(0, n) have this property. WVn (n > 4) 
contains precisely one simple bosonic field which can be projected out [23] . This field has 
dimension n. WB{0,n) has precisely one simple fermionic field. The bosonic subalgebra 
can therefore be obtained by projecting out the fermion with dimension n + ^. It was 
noted in [1] that this bosonic subspace can be realized in terms of the diagonal coset 
('Bn)fe © {Bn)i/{Bn)k+i- Eq. (7.19) of [1] is a closed formula for the vacuum character of 
this coset. 

Results 



From this result and the character argument explained above one can predict the generat- 
ing set for many orbifolds. Table 2 contains a collection of results ^). Strictly speaking, one 
would have to check in each case separately that the cancellation mechanism of [9] indeed 

takes place. To determine the orbifold of the coscts s/(2, IR)^ © sl{2, lR)^/s/(2, 1R)^_|_^ and 
sl{2,JR) ^/U{1) one has to use the explicit knowledge of the invariants (and relations) gen- 
erating the coset because of the presence of generic null fields. In the case of s/(2, lR)^/t/'(l) 

the outer automorphism of the coset comes from the inner automorphism of the sZ(2,lR) 
Kac-Moody algebra (2.1.1) that maps J"*" J~, J° i— > —J°. This automorphism leaves 
the even dimensional generators of the coset invariant and changes the sign of the odd 
dimensional ones. 

The automorphism of the other coset s/(2, IR)^ © s/(2, lR)^/s/(2, H)^.,.^ is induced by the 

map J^-*^' ) <-> The effect is that for k = the quadratic fields (2.1.41a) are left 

invariant and the third order invariants (2.1.41b) change their sign. With this information 
the field content of the orbifold can easily be inferred from [9] by dropping the third order 
invariants from the generating set and the relations. 



) For the field content of the orbifolds of WA2 and WA3 see also [1] . 
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algebra 




dimension of first 




/or generic c 


generic null field 


W(2,l) 


>V(2,2,4) 


8 


>V(2, f) 


W(2,4,6) 


10 


>V(2, 2) 


>V(2,4,6,8) 


12 


yvA2 = W(2, 3) 


>V(2,6,8, 10, 12) 


16 




"l/\.7('9 /I 8 in 19"! 
KkI^Zj^jDjO, iU, iZJ 


ID 


WA4 = >V(2,3,4,5) 


W(2,4, 6, 8^,9, 10^,11, 12^,13,142) 


16 


= ^(2,3,4,5, 6) 


Wf 2,4,6^,8^,9,10^,11,12^,13,142) 


16 




VVyZ, 4t, D, 0, lU j 


1 A 


7/0 "n~* \ 7/0 Tn \ / 7/0 TT^ \ 

s/(2, R)^ © 5/(2, lR)^/s/(2, 11)2^ 


yv(2, 4, 6, 8, 10, 12, 14, 16, 18) 


,'■-1 

22 


WPn = W(2, 4, . . . , 2n - 2, n) 


W(2,4,...,4n) 


4n + 4 


>Vi3(0,n) ^ W(2,4, . . . ,2n,n + i) 


W(2,4,...,4n + 2) 


4n + 6 


5W(f,2) 


W(22,42,5,63,7) 
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Table 2: Field content of some orbifolds of W-algebras 



In the simplest cases one can also determine some primary generators of the orbifold and 
calculate the corresponding structure constants. We briefly summarize results for VV(2, 1) 
and W(2, 2). The more interesting cases of the W(2, 3) and WAn-i will be treated in later 
subsections and the orbifold of the N = 1 Super Virasoro algebra >V(2, |) can be found in 
appendix E. Below, we present structure constants connecting additional simple fields. 

W{2, 1): The (Lie) algebra W(2, 1) is the extension of the Virasoro algebra L by a primary 
U{1) current J. The map J h- >^ — J is the unique nontrivial automorphism of the algebra, 
providing us with one of the simplest examples of an orbifold construction. The orbifold 
contains two additional primary fields of dimensions 2 and 4. Both of them are null fields 
atc=l. Atc=— ^ the dimension 4 generator vanishes. The vanishing of the additional 
dimension 2 generator at c = 1 is to be expected because the Sugawara energy momentum 
tensor of the current is the unique energy momentum tensor for c = 1, i.e. L — ^J\f(J, J) 
at c = 1. The structure constants connecting these two fields can be determined as: 

=4(c-2)2(c-l)-^ (CI2)' = 24(5c+17)c3((25c2 + 180c + 383)(c-l))~' 

C22C44 = 4(25c2 + 95c2 - 61c - 383) (c - 2)((25c2 + 180c + 383) (c - 1))~^ 

C44C22 = 36(375c^+2400c3+2090c^-9864c-11801)c2((25c2 + 180c+383)^(c-l))"\ 

(2.2.4) 

W(2, 2): The algebra W(2, 2) admits a nontrivial outer automorphism iff the self-coupling 
constant vanishes. In this case, it can be realized in terms of two commuting copies of the 
Virasoro algebra (Li and L2) with equal central charge. W := Li — L2 is primary with 
respect to L := L\ + L2. Furthermore, the map L 1— > L, 1-^ —W is an automorphism 
of this algebra. The generating set of the orbifold was discussed in [9] . It was also verified 
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in [9] that there is indeed no dimension 10 generator in the orbifold which supports the 
character argument predicting a W(2,4, 6,8). 

We have further determined a basis of primary iields and calculated the structure constants. 
Omitting those involving the complicated dimension 8 generator one obtains the following 
list: 

(CI4) ^ =2(5c2 + 66c - 176)2 ((5c + 44) (5c + 22)c) ~^ 

(Cf^)^ =8(7c + 136)(5c + 22)2(c + 4)2(c- l)(3(7c + 68)(5c + 44)(2c- l)(c + 24)c)~^ 
Cj^C^Q =4(5c2 + 66c - 176)(7c+ 68)(5c+ 88)(2c - l)(9(5c + 44)(5c + 22)(c + 24)c)"^ 
C44C66 =20(1106c^ + 50845c^+705182c3+2270104c2 -5361664c- 1192448) X 
(5c+22)(c + 4)(27(7c + 68)(5c + 44)(2c- l)(c+24)2c)~^ . 

(2.2.5) 

It is interesting to notice that for c G {—4, 1, — ^} the coupling constant C44 vanishes 
whereas ^"^^^ is not a nuU field (for c e {1, -^} the field is a null field). Thus, for 
these values of the central charge the orbifold of W(2, 2) reduces to >V(2, 4) or has at least 
a yV{2, 4) subalgebra. 

2.2.2. The orbifold of >V(2, 3) 



Zamolodchikov's W(2, 3) [3] is not only one of the first >V-algebras which appeared in the 
literature but also one of the most frequently used ones. Therefore we also discuss it in 
detail here. The computations which will be reported below were carried out with the 
>V(2, 3) as it was presented e.g. in [23]. The field content of the orbifold for generic c can 
be found e.g. in [1]. 

First, we have computed determinants of the invariant quasi-primary fields up to scale 
dimension 13. The zeroes of the determinants tell us where null fields occur. For these 
values of the central charge we have further calculated the dimension of the space of nonnuU 
invariant fields. Define a counting function 



^{q) '■— ^^^"(^ quasi-primary fields with dimension n) . (2.2.6) 

n=l 

n(g) and the vacuum character are related by q^XoiQ) = (l~9)~^n(q') + l. These counting 
functions are presented up to order 13 for generic value of c and all exceptional values of 
the central charge in table 3. Table 3 also contains the field content of a W-algebra which 
would give rise precisely to these counting functions. 
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c 


n(9) 


orbifold 


first null field 


generic 


g2+g4+3g6+5g8+2Q9+8q"^+5g" + 16gi2^10g"+O(<ji4) 


W(2,6, 8, 10, 12) 


16 


-2 


<72+g4+2g6+3g8_^g9_^5gi0_^2g"+8gi2_^4gi»+O(gi4) 


W(2, 10) 


20 


-23 


g2+g4+2q«+4g*^+g'^+5gi"+3g"+9Qi^+5q^-'+0(gi^) 


>V(2, 8) 


16 


g 

5 


Q2+g4+2g6+5g8^2q9+8g^"+5g" + 15g^=' + 10Qi-^+O(g^*) 


>V(2,6, 8, 10) 


> 13 


4 
5 


g^+g4+2g6+3g8+g9+4gi"+2g"+7gi2+3gi3+o(gi4) 


W(2) 


20 


98 


g2+Q4+3g6^5g8^2g9+8gi°+5Qii+15(zi2+10gi3+o(qi4) 


W(2,6, 8, 10) 


> 13 


186 
5~ 


g2+q*+3gS+4q8+2g9+7gio+4qii+13gi2+8qi3+e,(gi4) 


W(2,6, 10) 


> 13 


40 
~T 


Q2+g4+3g«+5q8+2g9+8gio+5q"+14gi2+9qi3+c»(gi4) 


>V(2,6,8, 10) 


12 


114 


r> j4 £; Q n in 11 10 1Q , 1 A ^ 


>V(2) 


26 


470 
7 


q^+qU3q^+5q^+2q^+8q^°+5q^^+15q^^+Wq^^+0{q^^) 


>V(2,6,8,10) 


> 13 


490 
11 


q^+q^+3q^+5q^+2q^+7q^°+5q^^+14q^^+9q^^+0{q^^) 


>V(2,6,8) 


> 13 


774 

13 


g2+g4+3g«+5q8+2g^+8gi"+5g" + 15gi2 + 10gi3+o(gi4) 


W(2,6,8,10) 


> 13 



Table 3: Orbifold of W(2, 3) where generators become null fields 

Using the procedure described in section 2.2.1. we calculated the composite primary fields 
of dimension 6, 8 and 10 in the orbifold. The dimension 6 generator is given by 



= 9(43c - 844) (5c + 22)M{L, d'^L) + 480(191c+ 22)j\^(j\^(L, L), L) 
- 90(7c+ 68)(5c+ 22)(2c - l)N{W^^\ W^^^). 



(2.2.7) 



The two point function turns out to be 

4,6 = 3600(7c + 114) (7c + 68) (5c + 22) (5c - 4) (2c - 1) (c + 23) (c + 2)c. (2.2.8) 
After rescaling to standard normalization one obtains the following structure constant: 
. 6 n2 ^ 50(14c3 + 915c^ + 14758c - 22344)^ (c + 2) 

^ 3(7c+ 114)(7c+68)(5c+22)(5c-4)(2c- l)(c+23)" ^ ' ' ' 

The explicit form of the spin 8 and 10 generators, other two-point functions and additional 
structure constants can be found in appendix F. 

At c = —23 the field is a null field whereas (^^^^ is nonzero. This is to be expected 
because one knows that for this value of the central charge W(2, 3) has a W(2, 8) subalgebra 
[52]. At c = -2 both fields ^^^^ and turn out to be null fields. However IS nonzero 
and >V(2, 3) has a >V(2, 10) subalgebra at c = —2. This agrees with the results of [16] and 
in particular confirms that the field of dimension 10 is quadratic in W*^"^-*. Furthermore, 
c = I and c = — ^ are Virasoro minimal and therefore the orbifold must be just the 
Virasoro algebra. These statements about c = — 2,-23, |,—^ are confirmed by the 
dimensional arguments in table 3 and we can use known facts (see e.g. [52,23, 16]) about 
representations of these algebras to predict the dimension of the first null field. For the 
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remaining cases one has to be more careful because we have not checked all structure 
constants. For some values of the central charge it might turn out that null fields actually 
make the orbifold inconsistent. Note, however, that the induced normalizations eq. (2.2.8), 
(F.2) for the generators of the orbifold are consistent with the field content predicted in 
table 3. 

2.2.3. Remarks on the orbifold of WAn-i 

It has been shown in [24] that the orbifolds of the classical WAn-i possess other classical 
Casimir algebras as subalgebras. In this subsection we will show that such a relation does 
not hold true for the quantum orbifolds. 

For WAn-i — W(2, ...,n) some structure constants (2.1.25) are known generally. The 
first primary composite field in the 7L2 orbifold (the 7L2 automorphism changes the sign 
of the odd dimensional simple fields) can be calculated for all n > 4: 

$(6) =27(43c - 844)(5c + 22)(c + 24)^{L, d'^L) + 1440(191c + 22)(c + 2A)M{N{L, L), L) 
+ 1980(7c + 68) (5c + 22) (2c - l)Cl^'<S, ^^3, Ar( W W ^ ^ 
- 270(7c+ 68)(5c + 22)(2c- l)(c+ 24)7\A(W^(^\ W^^^). 

(2.2.10) 

Using (2.1.25a) this induces the following normalization 

^6,6 =(32400c(7(n + 2)(n - 2)c^ + (21n^ + 380n^ - 1800)c3 + (1399/1^ + 1585n^ 
- 7700)c2 + 4(1179n3 + 437571^ - 1770)c - 32(47371^ - 81n - 81)(n - 1)) 

(7c + 68)(5c + 22)2(2c-l)(c + 24)(c + 2))(^(cn + 2c + 3n2-n-2)(n-2)) ^ . 

(2.2.11) 

The simplest nontrivial structure constant of the orbifold reads in the standard normal- 
ization ((^6,6 = f ) 

[d^f =&{2^c^n^ - 284c3 + 255c^n^ - A21c^n^ - 368c2 + bA<dcn^ + 3016cn2 - 1636c 
- 1920n3 + 2032n2 - 112 j (5c + 22)^ 

{^c^n^ - 28c^ + 21c^n^ + ^SQc^n^ - 1800c^ + 1399c2n^ + Ib^bc^n^ - 7700c2 
+ 4716cn2 + 17500cn2 - 7080c - 15136n2 + 17728n2 - 2592^ 

(cn + 2c + 3n2 - n - 2)(7c + 68)(2c - l)(c + 24)(c + 2)(n - 2) j 

(2.2.12) 

where we have used both (2.1.25a) and (2.1.25b). Fortunately (2.1.25b) vanishes for n = 4 
such that we can apply it to W(2, 3, 4) as well. Note that the structure constant (2.2.12) is 
nonzero for any n and the central charge c generic. This means that the invariant original 
generators do not close among themselves and one is forced to include the dimension 6 
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generator (2.2.10) into the orbifold. In particular, for n > 6 the orbifold contains two 
simple fields of scale dimension 6. This has to be contrasted with the classical situation 
where it has been shown in [24] that already the invariant original generators generate a 
closed subalgebra of the complete orbifold. The fact that (2.2.12) vanishes in the limit 
c — > oo is consistent with this statement because this limit should correspond to a classical 
limit (see section 3.1.). 

Specializing (2.2.11) to n = 4 we obtain for the induced normalization of the first composite 
field in the orbifold of >V(2, 3, 4): 

(^6,6 = 10800(7c+114)(7c+68)(5c+22)2(3c+116)(2c-l)(c+24)(c+13)(c+2)(c-l)c(c+7)-\ 

(2.2.13) 

Of course, it is also straightforward to specialize (2.1.25) and (2.2.12) to n = 4 to obtain 
the first structure constants. Prom (2.2.13) we read off some interesting values of the 

central charge c for the orbifold of W(2, 3,4). For c G {-13, 1, -^} the field is a 
null field but does not make VV(2,3,4) inconsistent (like it happens e.g. for c = —24). 
Thus, for these values of the central charge the orbifold of VV(2,3,4) is a VV(2,4) or at 
least has a >V(2,4) subalgebra. In particular, yy(2, 3, 4) itself has a >V(2,4) subalgebra 
for c e {—13,1,—^}. For >V(2,3,4) there are 8 quasi-primary invariant fields at scale 
dimension 8. Their determinant reads (up to a nonzero constant of proportionality which 
depends on the choice of basis): 

det8~ (llc+702)(7c+114)(7c+27)(5c+22)*(3c+116)^(c+51)(c+13)^(c+2)(c-l)3c^(c+7)-^ 

(2.2.14) 

From this we observe that the additional scale dimension 8 generator in the orbifold van- 
ishes for c e {—13, 1, — —51, —^5 "Tt) which includes in particular the three values 
of c where already the scale dimension 6 composite generator vanishes. Whereas c = —51 
and c = do not belong to the minimal series of the WB/C Casimir algebras the value 
c = ~'Tr ^^^^ minimal scries of WBs {p = 11,9 = 7). Comparison of the set of 

highest weights of the minimal models and structure constants indicates that the orbifold 
of VV(2, 3,4) is a WBs for c = — (compare appendix D). 

Coupling constants connecting two simple fields with primary normal ordered products 
have been determined for yV(2,3,4, 5) and yV(2, 3, 4, 5, 6) before in [7]. However, in this 
work the coefiicient oi Af{W^^\W^^'^) was chosen independent of c such that one cannot 
read off the values of the central charge where becomes a null field. 

For the orbifold of W{2, 3, 4, 5) we obtain from the specialization of (2.2.11) to n = 5: 

de,e = 10800(7c+68)(7c-8)(5c+22)2(3c+116)(2c-l)(c+24)(c+23)(c+2)c. (2.2.15) 

It is remarkable that for c = | the field turns out to be a null field. Thus, the orbifold 
of >V(2, 3, 4, 5) has a >V(2, 4) subalgebra at c = | or probably even reduces to W(2, 4). On 
the one hand this is the first unitary minimal model of W(2, 3, 4, 5) - the TZ^ parafermions 
[20]. On the other hand this is presumably the only nontrivial unitary minimal model of 
yy(2,4) [53]. The orbifold construction explains why precisely half of the representations 
of W(2, 4) at c = I are parafermionic representations [53] because each representation 
of the original algebra splits into two representations when a 7^2 orbifolding procedure is 
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applied. We also re-encounter the value c = — ^ which is the only other rational value of 
c for which the dimension 6 generator vanishes and CI4 = 0. 

For n = 6, i.e. the orbifold of VV(2, 3, 4, 5, 6) one finds no rational value of the central 
charge c where the additional (composite) dimension 6 generator could drop out. 

3. General structures in cosets and orbifolds 



3.1. Vacuum preserving algebras (VPA) and classical limits 



Once a construction of a W-algebra as a reduction of a Kac-Moody algebra or a similar 
linear system is known, the W-algebra is usually well under control. In particular, one can 
easily discuss its classical counterpart, i.e. the analogous reduction of the corresponding 
classical linear system. Note, however, that in general several constructions of the same 
quantum W-algebra are possible and can lead to different classical counterparts. For a 
classification one needs more general methods which do not refer to any particular con- 
struction. Two closely related ideas in this direction have been put forward in [13] for 
deformable W-algebras: The vacuum preserving algebra (VPA) as well as a particular 
classical limit of a W-algcbra. These methods work nicely for W-algebras obtained by 
Drinfeld-Sokolov reduction [13, 14]. The W-algebras discussed in this paper are not in the 
DS class and therefore it is interesting to see to what extent these methods work for them. 

We start with a discussion of a general approach to the VPA. First, one introduces the 
'vacuum preserving modes' of all quasi-primary fields. The space spanned by them carries a 
Lie algebra structure. Next, one considers the limit c — > 00 of this algebraic structure. The 
VPA is the smallest subalgebra of this algebra containing the vacuum preserving modes 
of the simple fields. To be more precise, the vacuum preserving modes of a quasi-primary 
field $ are given by 

I |n| < rf($)}. (3.1.1) 

The vacuum preserving modes of all quasi-primary fields have the important property 
[13, 14] that the commutator closes among them and does not have any central term. 
Note that the vacuum preserving modes L±i, Lq of the energy momentum tensor L form 
an sl{2) subalgebra of all vacuum preserving modes. The space spanned by all vacimm 
preserving modes (3.1.1) is in general infinite dimensional and the commutator still depends 
continuously on c. In order to cure the second property one takes the limit c — > cxo. In 
general, one will have to rescale the generators W^'^^ of the finitely generated quantum 
W-algebra in order to make sense of the limit c — > 00: 

:= c-'^^W^'\ (3.1.2) 

The exponents ai have to be adapted in order to make all structure constants connecting 
the fields W^'^'^ bounded and nontrivial for c — > 00. Even in this limit, the algebra of all 
vacuum preserving modes is a very complicated object. Therefore, the VPA is defined as 
the smallest subalgebra of the limit c — > 00 of the algebra of all vacuum preserving modes 
that contains the vacuum preserving modes of the simple fields. 

It was shown in [13] that this works nicely for the algebras in the DS class: One can 
associate to them a finite dimensional Lie algebra with an sl{2) embedding that encodes 
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the spin content of these algebras. For the W-algebras in the DS class one can set all 
ai := and then the VPA is defined by 

V := span{W^^^ | |n| < d{W^''^)} (3.1.3) 

where W^^^ are the simple fields of the W-algebra. On this space a Lie bracket is induced 
by taking the limit c — oo of the commutator. The crucial point is that the commutator 
linearizes, i.e. that the induced Lie bracket closes in the space (3.1.3). The data (3.1.3) 
together with the Lie bracket and the sl{2) embedding is equivalent to the original data 
used for the DS reduction [13, 14]. 

The situation is much less clear for W-algebras outside the DS class, i.e. those W-algebras 
which do not have 'nice' asymptotic properties of the structure constants. We will first 
discuss one example in detail: The bosonic projection of the = 1 Super Virasoro algebra. 
Let us for the moment forget about the construction of this W(2, 4, 6) and look what can 
be said about the VPA solely from inspection of the structure constants (Set 1 in section 
6.2 of [5]). Denote the generators of scale dimension 2, 4 and 6 by L, W^'^^ (i = 4, 6). We 
observe from the structure constants in [5] that we have to rescale 

Then, all structure constants connecting these three simple fields are bounded and nonzero 
for c oo. Unlike for W-algebras in the DS class the commutator does not linearize for this 
W(2, 4, 6), i.e. the commutator does not close in the space (3.1.3). The structure constants 

C^4) ^(g) ^ and C'^g) ^(gj are invariant under the rescaling (3.1.4). Furthermore, these 
structure constants tend to a nonzero constant in the limit c — > oo. This means that the 
vacuum preserving modes Wn^\ \n\ < 8 of the primary projection W^^^ of (I^^^^W^^^^) have 
to be included into the VPA. Wc have checked that the same happens at scale dimension 
10. At scale dimension 10 one finds the quadratic fields (d'^W^^'^W^^^) and (T^Wi^(6)). 
Due to the presence of a generic null field at scale dimension 10 [44] these two fields give 
rise to precisely one primary field at scale dimension 10. Since both {d^W^'^^W^'^^) and 
(1^(4) 1^(6) ~) j^q^ decouple in the limit c — > oo, the vacuum preserving modes of the 
primary field with dimension 10 have to be included into the VPA. Thus, the VPA does 
definitely not close on the vacuum preserving modes of the simple fields only but one has 
to include the vacuum preserving modes of further primary fields (at least up to scale 
dimension 10). We expect that one must indeed include the vacuum preserving modes 
of infinitely many primary fields because there is no reason to expect any of the crucial 
structure constants to vanish. Therefore, we actually expect the VPA of this W(2, 4, 6) to 
be infinite dimensional. 

Similar reasoning applies to the second W(2, 4, 6) outside the DS class (Set 2 in section 
6.2 of [5] and eq. (6) in [16]). The situation is slightly different at scale dimension 10. 
Here, no null field is present and therefore we do indeed have two primary fields which 
turn up in the commutator of W^^^ with itself. However, up to that stage only a particular 
linear combination of these fields appears in the commutators and therefore it might be 
sufficient to include the vacuum preserving modes of only one field at scale dimension 10 
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(3.1.4) 



into the VPA. As before the reahzatfon of this W(2,4, 6) in terms of the coset sZ(2,Il)^ ® 
sZ(2,][l)_i/sZ(2,]R)^_i [9] (see also section 2.1.3.) is not needed for the discussion of the 
VPA. 

Let us now turn to the >V(2, 3, 4, 5) which we discussed in section 2.1.1. (see also [9]). The 
structure constants for this algebra were first calculated in [7] checking associativity of 

the OPE without reference to the cosets sl{2^)jU{l) or SVIR{N = 2)/U{l). Denote 
the generators of this yy(2, 3, 4, 5) by L and W'^'^^ {i = 3,4,5). Then we see from the 
structure constants in table 2 of ref. [7] that we have to rescale as in eq. (3.1.4). Up to 
scale dimension 8 there are 6 further quadratic fields in terms of the W^-^\ two of them at 
scale dimension 8 give rise to null fields (see eq. (2.11) and (2.12) of ref. [7]) leaving us with 
4 primary fields: One each at scale dimensions 6 and 7, two at scale dimension 8. As in 
the previous cases, the structure constants connecting the simple primary fields with these 
composite primary fields are invariant under the rescaling (3.1.4) and tend to a nonzero 
constant for c — > oo (compare table 2 of ref. [7]). This means that the vacuum preserving 
modes of the fields at scale dimensions 6 and 7 have to be included into the VPA. Only 
a linear combination of the two fields at scale dimension 8 appears in the OPEs of the 
simple fields. Therefore, so far we have to include the vacuum preserving modes of only 
one primary field at scale dimension 8 into the VPA. As before, we have not calculated 
structure constants involving fields of higher dimension, but there is no reason to expect 
those structure constants involving primary fields to vanish. Thus, we expect also the VPA 
of this algebra to be infinite dimensional. 

The above discussion can further be supported by looking at the classical counterparts of 
these algebras that correspond to the above constructions [9] . These classical counterparts 
are infinitely generated. From [13, 14] we know that in the classical case the VPA consists 
of the vacuum preserving modes of all generators. In particular, for the examples under 
consideration it is definitely infinite dimensional. Even more, the composite primary fields 
which had to be added precisely correspond to the additional generators of the classical 
counterparts. This means that the VPA of a W-algebra encodes some information of 
possibly underlying constructions. 

We have seen in three examples outside the DS class that their VPA is an infinite di- 
mensional Lie algebra with s/(2) embedding which decomposes into finite dimensional 
representations under this sl{2). This indicates that probably all W-algebras outside the 
DS class have infinite dimensional VP As which makes the VPA as a tool for classification 
unhandy. At least, for any explicitly known algebra the construction of the VPA is purely 
algorithmic but does unfortunately not necessarily stop after finitely many steps. It should 
be noted that the impact of the realization of composite fields contributing to the VPA in 
terms of finitely many simple ones is not completely clear to us, neither is the impact of 
the relations satisfied by the generators of these W-algebras [9] on the VPA. 

Next we consider classical limits of W-algebras. A classical Kac-Moody algebra is a Lie 
algebra and can therefore be quantized according to Dirac's rule. In particular, the r.h.s. 
of the commutator is multiplied by h, and the canonical classical limit of the quantum 
Kac-Moody algebra is the limit ^ — > 0. For a W-algebra that arises as some reduction of a 
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Kac-Moody algebra, this classical limit of the Kac-Moody algebra induces a classical limit 
of the W-algebra. If we have a particular construction in mind we refer to the induced 
classical limit as 'the classical limit'. In contrast hereto, the procedure of [13] is a set of 
rules to re-institute h's in a W-algebra without referring to any particular reduction and 
afterwards define a classical limit ^ — > 0. We will refer to this classical limit as the 'BW 
classical limit'. 

To be more explicit, the BW classical limit is defined by the following set of rules 

W^'^^^^, c^^ (3.1.5) 

where are the simple generators of the W-algebra. Then, the quantum fields W'^'^\z) 
are replaced by classical fields w^'^\z) := lim^^o W^^*'' (^) and Poisson brackets as well as 
the ring structure are defined by the following identifications 

{w^^{z),w^^\w)} = lim l[wl;^\z),wlr>\w)] , w^'\z)w^^\z) = \im {W^'^W^^^Xz) 

Til ^0 Ai Tx ^0 

(3.1.6) 

where the choice of normal ordering prescription on the quantum level is actually irrele- 
vant. The crucial point is to choose the exponents ai in (3.1.5) such that the limits in 
(3.1.6) exist and are nontrivial. The reader should note that in general the existence of 
such a set of exponents ctj is not guaranteed. For W-algebras in the DS class one can 
choose all 0:^ = [13] and then (3.1.5) and (3.1.6) are one-to-one maps between the one- 
parameter families of W-algebras on the quantum level and on the classical level where the 
parameter is the central charge. It should be noted that the BW classical limit according 
to (3.1.5) and (3.1.6) is not necessarily the same as the one induced by a reduction. Close 
inspection shows that even in the DS class the central charges of these two classical limits 
are indeed different, and therefore the classical limits are equivalent only when looking at 
one-parameter families of W-algebras. Note that also nondeformablc W-algcbras can have 
a classical limit (compare e.g. the /3 — 7 system of [9]). Thus, deformability and existence 
of a classical limit should not be confused. However, only for deformable W-algebras the 
rules (3.1.5) can be applied. 

In passing we mention that one obtains from (3.1.6) the classical quasi-primary projection 
of the product of two classical quasi-primary fields: 

Q{w^^{z)d''w^^\z)) - \iiaU{W^\d''W^^^){z). (3.1.7) 

Applying (3.1.5) and (3.1.6) to the formula for the quasi- primary normal ordered product 
M (eq. (1.1.4)) we immediately obtain an explicit formula for Q{w^'^\z)d'^w^^\z)) (under 
assumptions such as o:/; < 1 -|- ctj -|- ctj for all k). Let w'^'^\z) and w^^\z) be two classical 
quasi-primary fields. Then 

fn\r2d{w'^^^)+n-l\ 

Q(«;«(.)a-^(^)(.)) := E(-l)^7^(5g§)H5rf^^ (3.1.8) 

r=0 I r ) 
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is quasi-primary and has dimension d(w^'^^) + d(w^^'>) + n^). 

Let us now apply these ideas to the algebras outside the DS class. Requiring the linear 
term (in terms of the generators) on the r.h.s. of the commutator to be bounded and 
nonzero for — > we conclude that the exponents ctj in (3.1.5) and (3.1.2) are actually 
identical. In particular, for the three examples already discussed above the exponent for 
the Virasoro field L is ao = and all other = In order to have a well-defined 
limit of the commutator in (3.1.6) all structure constants connecting the additional simple 
fields with quadratic fields not containing L must be at most of order 0{c~^) as c — > oo. 
However, from the discussion of the VPA we conclude that the coupling constants to 
the quadratic fields in terms of the generators tend to a nonzero constant for c — > oo. 
This means that one must decouple the quadratic fields from the ring and rescale them 
independently, i.e. one must introduce further relations and further generators in order to 
make sense of the BW classical limit. This is similar to the VPA, in particular those fields 
have to be introduced as new generators whose modes had to be included into the VPA. 
This indicates that the BW classical limits of these three algebras are probably infinitely 
generated and satisfy infinitely many constraints. 

At least for the bosonic projection of the N = 1 Super Virasoro algebra we can verify 
in terms of the underlying realization that one field each at scale dimensions 8 and 10 
decouples in the classical limit and gives rise to a new generator. Recall that the field G 
in appendix E has to be rescaled with ai = (the exponent ao for L is also zero). Denote 
the classical limits corresponding to L{z),G{z) by l{z),g{z). After these substitutions, 
the coefficient of gd^g in (E.3) vanishes in this classical limit and one has to add its 
primary projection V{gd^g) to the generating set. This primary projection can be obtained 
by applying the limiting procedure to the corresponding primary quantum field and is 
explicitly given by 



V{gd'>g) = Q{gd^g) - -^Q{Q{gd^g)l) - —Q{Q[gdg)dH) + —^Q{Q{Q{gdg)l)l). 

(3.1.9) 

A similar phenomenon happens at scale dimension 10 where the primary projection of 
gd^g has to be added to the generating set (compare also the discussion in [9] , in particular 
appendix A loc. cit.). 

For these three examples (the VV(2, 3, 4, 5) and the two algebras of type VV(2,4,6)) the 
realization in terms of a reduction is known both on the quantum as well as on the classical 
level. Therefore, we can compare the result of the limiting procedure (3.1.5) and (3.1.6) 
to the corresponding classical algebras [9]. First, we remark that the fields which we had 



^) This statement can be proven directly (without classical limit) by taking Poisson 
brackets with the modes l±i and Iq of the classical Virasoro generator on the right hand 
side of (3.1.8) and verifying that it does indeed transform like a quasi-primary field. 
Note that finding the projection of the nth derivative of the product of two modular 
forms onto a modular form (see e.g. [54]) is analogous to determining the quasi- primary 
projection. In fact, the formula (1) of [54] (called the 'nth Rankin-Cohen bracket') is more 
compact but equivalent to (3.1.8). 
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to introduce as generators in the BW classical limit indeed turn up as generators in the 
classical reduction and that the classical counterparts of these algebras arc indeed infinitely 
generated [9]. Rescaling of the generators with exponents > implies a vanishing 
central term in the limit — > 0. On the classical level, all generators (with exception of 
the Virasoro field l{z)) are at least second order in the fields of the underlying algebra and 
the Poisson brackets of such fields do indeed not contain any central term. For any orbifold 
(including in particular the bosonic projection of the = 1 Super Virasoro algebra), the 
energy momentum tensor L in the projection is noncomposite and the central charge c is a 
free parameter on the classical level. Thus, the BW classical limit of this W(2,4, 6) has a 
chance to be identical to the W-algebra obtained from the classical orbifold. The situation 
is different for the other W(2, 4, 6) and the W(2, 3, 4, 5) which we realized in terms of cosets. 
Note that the classical coset energy momentum tensor l{z) is composite and therefore has 
no central term, i.e. c = on the classical level. However, the BW limiting procedure 

(3.1.5) and (3.1.6) gives rise to nonzero Virasoro centre c showing that the BW classical 
limit is not identical to the classical coset. Even more, close inspection of the structure 
constants of the W(2, 4, 6) arising in the diagonal sZ(2, H) coset shows that some structure 
constants still are proportional to ^ after taking the BW classical limit. Because this 
c-dependence cannot be completely scaled away, one cannot simply set c = in the BW 
classical limit. This is not very surprising because for cosets of Kac- Moody algebras the 
energy momentum tensor L satisfies [Lm, Ln] = fi{n — m)Lm+n + Ji'^c{n^ — n)6m+n,o- This 
means that one should modify the BW procedure by substituting c i— > c instead of (3.1.5) 
in order to obtain at least the correct classical form of the Virasoro algebra. However, this 
substitution does not introduce any ^'s in the structure constants and would therefore leave 
us with c-dependent structure constants in this modified BW classical limit - something we 
do not want either. Furthermore, in the case of the Vy(2, 3, 4, 5), the classical counterpart 

of the realization in terms of the coset SVIR{N = 2)/L''(l) has a non-vanishing Virasoro 
centre in contrast to the classical coset sl{2,JR)/U{l). So, the limiting procedure (3.1.5), 

(3.1.6) might correspond to the classical coset SVIR{N = 2)/U{l) but it is not clear how 
to obtain the classical counterpart of the other coset realization by a limiting procedure of 
this type. Even more, one can check that the classical coset SVIR{N — 2)/U{l) admits 

a primary generating set whereas the classical coset s/(2, 1R)/?7(1) does not. This shows 
that the Poisson brackets carried by these two classical cosets are not at all related to each 
other. These ambiguities for the classical counterpart might be related to the possibility 
that the BW procedure (3.1.5), (3.1.6) does not always give rise to a classical W-algebra. 

In summary, we have seen that one can introduce the VPA and study the BW classical 
limit of any quantum W-algebra in an algorithmic manner. In doing so one recovers 
many features of a corresponding classical counterpart without using any knowledge about 
the underlying construction (although the attempt to construct the BW classical limit 
could fail). This gives rise to the hope that all W-algebras outside the DS class which 
are finitely generated on the quantum level belong to the same class of W-algebras with 
infinitely generated classical counterparts [9] . From this point of view coset constructions 
and orbifolds behave in a very similar manner. 
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3.2. Coset realization of unifying W-algebras and level-rank-duality 



In section 2.1.3. we were able to show that the special >V(2,4, 6) is realized by the coset 
sZ(2,]R)^ © sZ(2, ]R)_i /sZ(2, ]R)^_i and we have studied also its minimal models. Below 
we will show that this algebra is the first member of a new series of unifying algebras - 
denoted as WD-^ - which are unifying objects for some WC minimal models [17]. In 
the spirit of [8] one can write down the minimal series of these algebras. Using character 
arguments it is possible to give an explicit coset realization based on the symplectic Lie 
algebras sp{2m). Furthermore, we present coset realizations of unifying algebras of some 
series of minimal models of the (Casimir) algebras WA, WB and Orb(WX') proposed in 
[17]. These relationships generalize level-rank-duality of coset pairs. Furthermore, we 
study the diagonal cosets © 9^J,/gK+^^ for g — An, Bn,Cn,1^n and some special values of 
n on the level of characters. 

3.2.1. Unifying W-algebras for the WAn Casimir algebras 



Due to the level-rank duality [18, 19] 

sT(^)fc e sii^\ ^ si{i^ 1), 



CV{k) (3.2.1) 



one expects that the symmetry algebra of the CV{k) model is a unifying W-algebra for the 
A;th unitary model of WAn-i- Note that the l.h.s. of (3.2.1) is defined for integer n and 
arbitrary A;, whereas the r.h.s. is defined for integer k and general n. The isomorphism in 
(3.2.1) is valid iff k and n are both positive integers. 

We will calculate the spin content of CV{k) using character techniques ^). According to 

[9] we have to count the states in the complement of sl{k)^ © ^^(1) in sl{k + 1)^ that are 
invariant under sl{k)®U{l). This will be carried out for generic level n using the character 
argument described in section 2.1.3. Let A'^ be the root system of sl{k + 1) and let O 
be in h* {h is a Cartan subalgcbra of the horizontal subalgebra sl{k -\- 1) of sl{k -\- 1)„). 
We will write = (^, 0fc) where 6 corresponds to sl{k) and to U{1). The counting 
function for the subspace of the vacuum module of sl{k + 1)^ that does not contain any 
states generated by sl{k)^ © U{1) is given by: 



= VCr (g) e2'^^(^'^+®'="*). (3.2.2) 



nSeA^A^- nn>l(l - e2-e.a^n) 

Since this module carries a representation of sl{k) © U{1) it can be decomposed into 
representations of sl{k) © ^7(1) which is indicated by the r.h.s. of (3.2.2). The C2 ^(g) are 

the string functions where A and m are the weights of sl{k) and ^7(1) respectively that label 
the representation. Invariance under U{1) is equivalent to m = 0. The part invariant under 
sl{k) can be obtained by summation over its Weyl group. Thus, the vacuum character of 



^) The (unique) simple field with spin 3 has been calculated in [55]. 
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the coset under consideration is given by the branching function BQ Q{q) which can be 
written as the following sum over string functions (compare (2.1.55)): 

BloiQ) = E C-»(p)+P,o(9) (3.2.3) 

wew 

where W is the Weyl group of sl{k). The string functions can be obtained as follows. 
Inserting z"^ = e^^*® " with a a positive root into (2.1.6), the left hand side of (3.2.2) can 
be written in the form 

n.-eAnA-.nn>l(l-e^'^^^-«V) ^''(^) 

(3.2.4) 

Using an embedding of the roots of sl{k + 1) into TR^ one obtains a map (A, m) —>■ 
(ni, . . . , n/s). Now, comparison of the r.h.s. of eqs. (3.2.2) and (3.2.4) gives an explicit 
representation of the string functions in terms of the (p's. It is now not difficult to calcu- 
late the vacuum character of the CV{k) model for the first few values of k. In table 4 we 
present the results for 1 < A; < 4 and give the spin content of the coset as well as a conjec- 
ture for general k (for k = 1 compare section 2.1.1.). The character of the vacuum Verma 
module freely generated by fields of dimension di, d2, dn is denoted by Xdi,d2,---,dn- 



k 


vacuum character 


1 


BWi) A2.3.4.5(9) = -2q' iq' 9q'' + 0(9") 


2 


5o%(9) = v{q)-'{{M<i) - Q^M? - (Mq) - M<im 

B%{q) - X2,...,ii(g) = -2g'^ - 6gi5 - ISg^^ + 


3 


B%{q) - X2,...Mq) = -2g'' - 6?'' - 17?'' + Oiq'^) 


4 


B%{q) - X2,...M<l) = -2?'^ - 6g33 + 0{q^^) 


k 


B%{q) - X2,...,k^+3k+i{q) = -2q>''+^^+^ - 6qk'+^k+, + 0(^fc^+3fc+6) 



Table 4: Vacuum character for the C7'(fc)-model 

From the vacuum characters given in table 4 and the arguments presented above we con- 
jecture that 

Cr{k) = + ^ji^ ^ VV(2, 3, . . . , + 3A; + 1). (3.2.5) 

slik)^®Uil) 

Note that (3.2.5) is compatible with the truncations predicted in [17] for the l.h.s. of (3.2.1). 

Relations to linear Woo algebras 

At this point a few remarks on the relation of our results and the various linear Wco 
algebras are in place. First, we note that 



00 - lim WAn-i, 



+00 = lim U{l)0CV{k) 

fc— >oo 



(3.2.6) 
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where at least the first equahty is well-known (see e.g. [56]). Note that the limit in the 
second line of (3.2.6) is defined via the cosct realization of CV{k), i.e. the limit is taken for 
fixed level n. Furthermore, the algebras Wn^^^ which were used in [57] for the classification 
of quasifinite representations of Wi+oo are related to WAn-i by [57]: 

y^giin) ^ ^) ^ WAn-i- (3.2.7) 

From (3.2.6) and (3.2.7) one can immediately derive further identities. An important one is 

that yVi+oo/U{l) = limfc^oo CV{k) where the latter non-linear infinitely generated algebra 
can formally identified with VV^_i, i.e. its structure constants can be obtained from those 
of WAn-i by setting n — Q. In particular, all truncations presented in [17] for WAn-i can 
immediately applied to Wi+oo setting n = and shifting the central charge by one. Since 
the unifying algebras for the unitary models of WAn-i are the CV{k) algebras which we 
have just discussed, it is clear that U{1) ®CV{k) are unifying algebras of Wn^^^ and vice 
versa. In particular, all known truncations of the linear Woo algebras arise as accumulation 
points of the minimal series of some unifying W-algebra. These truncations in turn seem 
to be in one-to-one correspondence with the quasifinite representations of the linear Woo 
algebras (see e.g. [57] for a proof in the case of Wi+oo and c e N). 

For example, one can take the limit n — > oo of the level n in the CV{k) models in order 
to obtain unitary representations of Woo at c = 2A; which has been done already some 
time ago [58]. Our previous computations show that the identity Woo — CV{k) at c = 2k 
implies a truncation of Woo to an algebra of type W(2, 3, . . . , /c^ -|- 3/c -|- 1) at c = 2k. 
Similarly, the truncations of Woo to an algebra of type W(2, 3, . . . , 2r -|- 1) at c = — 2r 
can be understood as accumulation points of the unifying algebras wfSi\/U{l). Above, 

we already explained the relation of the unifying property of Wn^^^ to the truncations of 
Wi+oo to algebras of type W(l, 2, . . . , n) at c = n. The truncations of Wi+oo to algebras 
of type W(l, 2, . . . , ^2 - 1) at c = -n + 1 [59] also arise from unifying W-algebras: They 
are related to algebras of type W(2,3, ...,n^ — 1) = WA-n that can be considered as 
continuations of the WAi series to negative rank. The algebras WA-n-i can be realized 
in terms of the coset sl{n)j^ © sl{n) sl{n)f^_^ [60]. 

The general unifying algebra for W^n-minim^l models 

From the preceding discussion it is natural to expect that the unifying W-algebras for all 
yVAn-i minimal models can be obtained by cosets of some Drinfeld-Sokolov reductions 
based on sl{r) that have a sl{k) © U{1) Kac-Moody subalgebra ^°). Therefore, let us 
consider the algebras 

= 2, 3, . . . , r - /c, (^)''). (3.2.8) 

The /c^ currents form a sl{k) © U{1) Kac-Moody algebra, the fields of dimension 2, . . ., 
r — k are singlets with respect to this Kac-Moody and the 2k fields of dimension '^-^+^ 

^°) We would like to thank E. Ragoucy for pointing this out to us. 



40 



are a Kac-Moody multiplet. More precisely, these 2k fields transform as two t/(l)-cliarge 
conjugate defining representations of sl{k). The conjecture is that 



^ 'i^ at CA^_,{n + k,n + r). (3.2.9) 

sl{k)®U{l) 

Using the truncations of [17] the conjecture (3.2.9) implies in particular 

r k,i ^ >v(2,3, ...,(A; + l)r + /c) (3.2.10) 



sl{k)®U{l) 



with two generic null fields at dimension {k + l)r + k + 3. The case k = 1 was already 
discussed at the end of section 2.1.2. and the conjectures (3.2.9) and (3.2.10) were con- 
firmed. Identifying W^^fi^^'* with the unconstrained sl{r + 1) Kac-Moody algebra, the 
case r — k + 1 is identical to the CV{k) cosets which we have just discussed. The results 
for the CV{k) cosets also confirm the conjectured identities (3.2.9) and (3.2.10). One can 
also apply (3.2.9) to the case = 0. In this case, the s/(2) embedding is the principal one 
and there is no Kac-Moody subalgebra. Thus, the l.h.s. of (3.2.9) is just WAr-i and we 
recover eq. (2.4) of ref. [17] (note that this equality was originally observed in [61]). 

As a first check we compute the relation of the level I of the underlying sl{r)i as a function 
of r, A; and n which generalizes (2.1.37): 

Z=^-r. (3.2.11) 
r — k 

Like in (2.1.37) the level / is linear in the rank n of WAn-i and becomes rational for 
the identifications in (3.2.9) (r, k and n positive integers). Note that the level /' of the 

Kac-Moody subalgebra sl{k)i, satisfies l' = l + r — k — 1 ^^). 

In order to perform a further check let us consider the case k = 2. In this case we have 
according to (3.2.8) W^'i^2!i2 = 2, 3, . . . , r-2, (^)^). Denote the four fields of scale 

dimension by and W^. The upper index of these fields refers to the ?7(l)-charge. 
W^2 ^'^o sZ(2)-doublets. In the spirit of [9] one can see that the classical 

invariants under sZ(2) ® t/(l) are generated by 

Sm,n ■■= d'^W^d^'W^ + d'^W^d'^W^ (3.2.12a) 

and the relations are generated by 



det I Sm2,ni Sjyi^^n^ Sm2,ns I — (3.2.12b) 





,ni 




,n2 








Q 

^m2 


,n2 






,ni 




,n2 






11 



) We would like to acknowledge help for these computations by J. de Boer. 
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with two sets of pairwise distinct integers {mi,m2,ms} and {ni, 77-2,^3}. Following the 
argumentation of [9] it is now simple to determine the field content of the coset (3.2.10) 
for k = 2: 

'^-242 ^ >V(2,3,...,3r + 2) (3.2.13) 



sl{2)®U{l) 
with two generic null fields at dimension 3r + 5. 

In order to perform further checks of (3.2.10) on the level of the characters we need a 
generalization of (2.1.7): 



1 _ j2 

with 

m+A-l 



m>A-l i/=m-A+2 

Now one can compute the vacuum character of the coset (3.2.9) in complete analogy to the 
CV{k) models using (3.2.14), i.e. the only modification is that one has to substitute ipnil) 
with A = ^!^=|±i for (f)n{q). We have checked for /c = 3, 4 < r < 8 and /c = 4, 5 < r < 8 
that this character argument is in agreement with (3.2.10). 

3.2.2. Level-rank-duality for the cosets so(n)^ (B so{n)^/so{n)j^_^_^ 

We consider now the impact of Icvel-rank-duality on the coset so{n)j^ © so(n)j^/so(n)^_i_j^. 
From known results in the literature [18, 19] and arguments to be presented below, we 
conjecture that 

(0,b) { ^:Mm^1Mx\ ^ Orb { . (3.2.15) 

For n even, the coset on the l.h.s. realizes WV^ and one has to take an orbifold (see section 
2.2.) whereas for n odd, the coset already corresponds to the orbifold of Wi3(0, ^^y^) and 
no additional projection has to be taken. Eq. (3.2.15) implies that the orbifold of the coset 
W-algebra so{k + 1)^/ so{k)^ is a unifying W-algebra for the orbifolds of the /cth unitary 
minimal models of WVi^ and >VB(0, ^^^) for n even or odd respectively. It should be clear 
to the reader that the methods used in [18, 19] to derive level-rank-duality are insensitive 
to orbifolds and therefore they originally did not turn up in the equality (3.2.15). Because 

of the orbifolding procedure the coset so{k + l)n/^^*^(^)n more difficult to deal with in 
full generality than those we discussed before. Therefore we will just look at the first three 
examples. 

k = 1 : One observes that so{2)^/so{l)^ = U (1) and that the first unitary minimal models 
of WVn and WB{0, ^) all have c = 1. Therefore, the RCFTs related to k = 1 boil 
down to the classification of c = 1 theories [62,48]. The r.h.s. of (3.2.15) is given by the 
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orbifold branch of the c = 1 RCFTs [62] leading to a symmetry algebra of type W{2, 4, |) 
with d G IN. Notice that at least for the first members of the series WD21. and Wi3(0, ^^^) 
truncate to an algebra of type yV(2,4, ^) for c = 1 [16]. The 7^2 orbifold of these algebras 



is again a W-algebra of type >V(2, 4, |). However, the spin content of this algebra depends 
on the level n in (3.2.15), i.e. d = d{n). In this respect the case A; = 1 is different from the 
cases A; > 1. 

k = 2 : For the unifying W-algebra of the second unitary minimal models we can make 
use of the fact that so{3)^/so{2)^ = sl{2,lR)2^/U{l). This coset has been extensively 
discussed in section 2.1.1. In particular, we know that the set of spins of the generators is 
not a subset of those of the Casimir algebra WDn. Therefore, we definitely have to take 
the 7L2 orbifold on the r.h.s. of (3.2.15). This orbifold has been argued in section 2.2.1. to 
lead to a W(2, 4, 6, 8, 10). Note that the structure constants C44 in appendix A and that 
of yVVin are indeed equal for A; = 2n, i.e. 

2n-l 

n+ 1 ^ ' 

(compare [17]). Since for A; = 2 the minimal models on the r.h.s. of (3.2.15) are orbifolds 
of 7L2n parafermions, one can easily look at the first few minimal models on both sides of 
(3.2.15) (for the relation between !Z2n parafermions and WV21. and Wi3(0, ^^^) see also 
[2]). One observes that already the Zl2n parafermionic models contain more fields than the 
second unitary minimal models of yVT>^ . This is a first argument that we also have to take 
a 7L2 orbifold of the l.h.s. of (3.2.15). Furthermore, one can also examine the structure 
constants of the W(2,4,4, 6) that corresponds to WV/^. From their explicit expressions 
[63] one concludes that for no positive value of the central charge c any of the two fields 
with conformal dimension 4 drops out. This is a further strong argument to take the 7L2 
orbifold also on the l.h.s. of (3.2.15). 

k = 3 : Finally we look at the third unitary minimal models. Observing that so(4)^/so(3)^ 

= s/(2, H)^ © sl{2, lR)^/s/(2, IR)2„ leads us to a coset which we have already discussed in 
section 2.1.3. Like for Ac = 2 we know that the set of spins of the generators is not a subset 
of those of WD 2. showing once again that a 7L2 orbifold has to be taken on the r.h.s. of 
(3.2.15). In section 2.2.1. we have argued that this orbifold leads to an algebra of type 
>V(2, 4, 6, 8, 10, 12, 14, 16, 18). Again, we can check equality of the structure constants C44 
of WV^ with (2.1.52) at = /x = n, i.e. 



"^'^ (3.2.17) 



(n + 2)(n+ 1)" 

From these examples we conjecture for the spin content of Orb(so(A; + l)^/so{k)^) the 
following: 

Orb ( ^""^i^ I ^ W{2, 4,...,k{k + 3)). (3.2.18) 
V so{k)^ J 

This spin content of the coset can also be obtained by looking at the Kac-determinant [17]. 
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3.2.3. Realization of WV-n as diagonal sp{2n) cosets 

In [17] we proposed unifying W-algebras for the minimal models of WC„ with central 
charge cc„ {n + k + l,2n + 2k + 1) . From the study of the Kac-determinant we conjectured 
the following spin content for the unifying algebras 

WV-k = >V(2, 4, . . . , 2k{k + 2)). (3.2.19) 

Our aim is to give an explicit coset realization of these algebras. Therefore, one has to 
pose the question if one can make sense of V-n = so{—2n). Indeed negative-dimensional 
groups SU{—n), SO{—2n), Sp{—2n) have been introduced in the context of representation 
theory of the classical groups SU{n), SO{2n), Sp{2n) (see e.g. [21]). There exist striking 
relations in representation theory which can be explained in a more natural way by 'analytic 
continuations' in n. For example the dimension formula of an irreducible representation 
of SO{2n) equals up to a sign the dimension formula of Sp{2n) for the transposed Young 
tableau upon the substitution n — > —n. Furthermore, the pth order Casimir of SO{2n) 
in the totally antisymmetric rank-r tensor representation equals up to a sign the pth 
order Casimir of Sp{2n) in the totally symmetric rank-r tensor representation upon the 
substitution n —n [21]. These relations arise naturally if one defines the negative- 
dimensional groups via SO{—2n) = Sp{2n) and Sp{—2n) = SO{2n). The overbar means 
the interchange of symmetrization and antisymmetrization. 

We conclude that X'-n = so{—2n) is related to €„, = sp{2n). From the Sugawara central 
charge one can establish the identification: so{—2n)^ ^ sp{2n)_K. This leads us to 

the study of the general coset sp(2n)^ ® sp(2n)^/sp(2n)^^.^. The central charges for the 
minimal models read 

n/.K,(2n + l)(2n + 2 + ^ + ^) 
Specification to = — | yields the formula 

^^^^^)- (« + n+l)(2« + 2n+l)- ^^-^-^^^ 

This coincides with the cc^{n + n + 1, 2k + 2n + 1) minimal models of the WC„ Casimir 
algebras. Furthermore, looking at formula eq. (2.15) of [17] (this equation describes the 
truncation of WCn to WT>m) and substituting m by —m we recover eq. (3.2.21). These 

facts strongly indicate that the WV-n algebras can be realized as the diagonal sp{2n) 
coset. Further confirmation for this relationship comes from the comparison of the coupling 
constant C44 of WV^^ (obtained by analytic continuation of the coupling constant of 
WT>n) with C44 of the diagonal coset (see section 3.2.5.). 

The next step to be carried out is the determination of the vacuum character of the diagonal 
sp{2n) coset. As before, it is useful to study the coset sp{2n) _ 1 / sp{2n) first, since the 
former one can be viewed as a deforrnation of it. To determine the vacuum character of 
sp{2n)_i one uses the realization of sp{2n)_i by n commuting (/?, 7) systems. This is due 
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to the fact that the vacuum module of sp{2n)_i is freely generated in terms of the 7) 
systems which is not true for the canonical choice in terms of the currents themselves. We 
start with n bosonic ghost-antighost fields {(3i,^i) 



z — w 

Define the currents Hi = f3i 7^ satisfying the OPEs 

5. 



+ reg. 



Hi{z) H^{w) 



13 



+ reg. 



{z — 

The ghost fields /3i,7j have charge ±1 with respect to the currents Hi: 



(3.2.22) 



(3.2.23) 



" ' ^ +reg. Hi{z) Pj{w) = _ / +reg. 



z — w 



z — w 



(3.2.24) 



The realization of sp{2n)_i in the Cartan-Weyl basis {Hi{z) , E^^z)} is given by ) 



root vector a 


current Ed (z) 


2ei 


lili 


-2ei 


-PiPi 


6j -|- ej 


lilj 




-m 


6j ej 




6j -|- 6j 





The branching functions of the coset sp{2n) _ 1 / sp{2n) are determined by the decomposi- 
tion of the highest weight modules x^(g, 9) of sp{2n)_i into highest weight modules Xx{9) 
of sp{2n): 

XA(5,^"') = E^f(5)XA(^'')- (3.2.25) 



For the vacuum character one has the identity (k = — i) (see eq. (2.1.55)): 



(3.2.26) 



wew 



with p = X^ILil"" ~ + We have to determine the string functions c'^^p+i^Aoi^)- 
obtains from (2.1.7a) with z^ = e^'^'^^q^ the following identity 



nn>o(l - e2'^*V+^)(l - e-2^^^g''+^) 



4>m{q)e 



2ni 9m 



m€7Z, 



nn>i(i 



(3.2.27) 



^^) If {ei, . . . , en} are orthonormal unit vectors in the standard euclidean H", the root 
system of C„ = sp{2n) is realized by the vectors ±26^ and ±(ej ± e^ ). 
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Using the realization of sp{2n)_i in terms of the 7) systems one obtains for the vacuum 
character of sp(2?T,)_i: 



3n 



Thus the string functions of sp{2n)_i are given by 



A-iAo 



3n 

q24 Ai 



(3.2.28) 



(3.2.29) 



Inserting this into eq. (3.2.26) yields the explicit form of the vacuum character of the 
sp{2n) _ 1 / sp{2n) coset. In table 5 below we present the first few examples and give a 
conjecture for the spin content in the general case. The spin content of WP-n is indeed 
compatible with the truncations of WCm Casimir algebras [17]. 



n 


vacuum character 


1 


boiq) = v{q)~^{Mq) - qMq)) 
bM - X2,4,6(9) = -9" - 2q'^ - Sq'' + 0{q'^) 


2 


boiq) = ^(9)~^(0O-0O02-90?+29^0301-9^040O + 9^0402-9^03) 

bM - X2,4,6,...,16(9) = -q'' - 2q'' + 0{q^^) 


3 


bliq) - X2,4,6,...,3o(g) = -q^' - 29'^ + 0{q^^) 


4 


bliq) - X2,4,6,...,48(g) = -g'" - 2q54 + 0(^55) 


n 


b'iiq) - X2,...,2n(n+2)(Q) = -g2-(-+2)+5 _ 2g2n(n+2)+6 + 0(^2n(n+2)+7) 



Table 5: Vacuum character for sp{2n) _ 1 / sp{2n) 
3.2.4. Minimal models of WP-m 



It has been argued in [8] that the coset algebra s/(2,lR)^ © s/(2, 1R)_ 1 /s/(2, 1R)^_ 1 = 
>V(2, 4, 6) [9] can be regarded in a formal way as an algebra WV-i in the following sense: 
Its structure constants are given by those of the orbifold of WT>m by setting m = — 1. 
Even its minimal models could be deduced with the help of some known examples [16] 
from those of the WX>rn-algebras. 

We will now try to continue the minimal models of WDm to negative values of m beyond 
m = — 1. The central charges of the minimal models of the WV^-slgehras are given by 



c-dAp. g) = mfl - 2(m - l)(2m - 1)^^— ^) 
\ pq J 



(3.2.30) 



and following [8] we have to make certain assumptions for the allowed values of WD-m: 
q = p + l\p = 2n + 2x + 1 odd. The value n = corresponds to the trivial model at c = 
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implying x = m. This leads to the following ansatz for the central charge of the minimal 
models of yVT>_rn 

cjy (n) = ^ — -. (3.2.31) 

^-^^ ^ (1 +m + n)(l + 2m + 2n) ^ ^ 

This central charge equals the one of the sp{2n) cosets eq. (3.2.21). The dimensions of the 
highest weights can be obtained as follows: Starting from the dimensions for the WV^- 
algebra [64] ^^) 

ft(p.5=P+l) = ^Sl(2^±|^rJ_l(fcO! (3.2.32) 

where Xr = Irip + ^) — I'rP — 1 with positive integers Ir and l'^. The fundamental weights 
obey 

ujr ■ <^s = l<r<s<m — 2 

UJr ■ <JJm-l = <^r ' (^m = f 1 < r < m — 2 (3.2.33) 

, , , , m—2 , ,2 2 m 

■ — — '^m — T" 

The experience with the algebra W(2, 4, 6) tells us that we have to extend the summation 
in (3.2.32) to infinity and take 1^ = 1'^ = ! (i.e. Xr — 0) for all r > n and therefore we 
obtain by inserting the fundamental weights eq. (3.2.33) into eq. (3.2.32) and replacing 
m — > — m, p — > 2n + 2m + 1 



YTr=l ^i^r -2m -1- r)Xr + 2 Y.r<s ^XrXs 

4{n + m + l)(2n + 2m + 1) 



On the Irjl'r we have to impose the additional constraints 

n 

J^(;r + Z;-2) <m+l, l<lr,lr<m+l. (3.2.35) 



r=l 



Using eq. (D.2) for the minimal models of the Casimir algebras we have checked in a few 
cases that the minimal models of WD-n coincide with those minimal models of WCm that 
one expects from eq. (2.15) of [17]. 

From the realization of WV^rn in terms of the diagonal sp{2m) coset it should be possible 
to check these formulae with representation theory of Kac-Moody algebras in the way 
outlined in section 2.1.3. 



) The formula in [64] contains a misprint. 
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3.2.5. The coset gu/g for a simple Lie algebra g 



In order to confirm the above identifications we compute a general structure constant for 
the cosets gu/g- For general simple g we have the following invariants at dimension 2 
and 4: 

dim = 2: L = y-^Ljiji 
^ (k + h^) 

IT 

(3 2 36) 

where gij is the metric of g and /i^ the dual Coxeter number and the central charge is 
given by c — {k dim g)/[k + /i^). These are all independent invariants up to conformal 
dimension 4 for sl{2) with arbitrary level k, for s/(n), so(2n), so{2n + 1) with level k = 1 
and for sp{2) with level /c = — | whereas one has to take into account additional invariants 
in the general case. In these special cases where V4 is the only new invariant at scale 
dimension 4 one can construct a primary field W4 out of V4: 

3 24 

W, = V,--a^L-—^LL. (3.2.37) 

It is now relatively easy to compute the structure constant C44 for this coset W-algebra. 
For this purpose it is sufficient to consider the 4th-order pole of W4 W4. Here we find 

4th-order pole of F4 * "^^4 = 12(/c + /i^) /i^ d'^L + 4 (18/c + (k + /i^) V4 (3.2.38) 

and from eq. (3.2.37) 



, r Tx. Tx. , (-118/1^ + 19c/i^ +36/c + 54c/c) 
4th-ord.r pole o(W,.W,=4 1 p2^5,)(,^,v) 

(-10/i^ + c/i^ + 12k + 6ck) 24 (-10/i^ + c/i^ + 12/c + 6ck) ^ 

(22 + 5c)2(A; + /iV) + T (22 + 5c) (/c + /i^) 



(3.2.39) 



Since for a general spin-4 field with OPE 14^4 ★ II/4 = ^4,4/ + C44W/4 + ... the 4th-order pole 
has the form 



we can read off 



4c(-10/i^ +c/i^ + 12/c + 6c/c) 

"4,4 — 



(22 + 5c) {k + h 
~4 _ (-118/1^ + 19c/i^ + 36/c + 54ck) 
(22 + 5c) (/c + /iV) 

and for the normalized structure constant 

.4 n2 (C^44)^c (-118/i^ + 19c/i^ + 36/c + 54cA;)^ 



(3.2.41) 



^ 4^4,4 (22 + 5c)(A; + /iV)(-10/iV + c/iV + l2A; + 6cA;)" y — ^ 
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9 




k 




algebra 


so{2n) 


2(n- 1) 


1 


2(19n-34)2 
(2n-l)(5n+22) 




,5-o(2r) + 1) 


2ri - 1 


1 


(38n-49)^ 
2/((l()/(+49) 


[Orh{WB{0.n)).c = 7-i + i] 


sp(2n) 


n+ 1 


1 

2 


2(19n+34)^ 
(2n+l)(5n-22) 





Table 6: Structure constant CI4 for some g/g 



For g — so(2n) and A; = 1 we recover the algebra WVn at c = n. For g = so{2n + 1) and 
A; = 1 we find the structure constant for the bosonic projection of yVi3(0, n) at c = n + |. 
Both solutions are in agreement with the general structure constant for WDn and the 
bosonic projection of WjB(0,n) given in [8]. We should mention that for g = sl{2) and 
arbitrary level k we recover eq. (2.1.47). 

For the coset sp{2n) _i / sp{2n) we obtain an identical expression for {Cf^"^ as for WX>n 
if we replace n by —n. As in [9] one can deform this algebra to generic central charges 
giving rise to the coset sp{2n)^ ® sp{2n) _i / sp(2n)j._i which we formally identified with 
the algebra >VP_n- 



4. Conclusion 

In this paper we studied various examples of quantum W-algebras belonging to a new class 
of deformable W-algebras with infinitely nonfreely generated classical limits which showed 
up recently [9]. By explicit calculation of the operator product expansions we provided 

evidence that the coset algebras sZ(2, ]R)/t/"(l) and ^2^^ /U{1) are finitely generated on 
the quantum level as one can infer e.g. from character arguments. The mechanism which 
prohibits the additional generators in the quantum case is a cancellation due to normal 
ordering of the classical relations. From comparison of structure constants we obtained that 
s/(2, ]R)/C/(1) as well as the isomorphic coset SVIR{N = 2)/U{l) provide a realization of 
the special nonfreely generated W(2,3,4, 5) found earlier [7]. We performed calculations 
showing that the fourth special solution of W(2, 4, 6) [5] is realized as the diagonal coset 
sZ(2,]R)^ ® sZ(2, 1[l)_i/sZ(2,Il)^_i . We presented also the self-coupling constant of the 

unique primary spin 4 field in the general coset sl{2,TR)^ ® sZ(2, ]R)^/sZ(2, 11)^^.^. 

Starting from the representation theory of the cosets realizing >V(2, 3, 4, 5) and >V(2, 4, 6) 
we collected further evidence that they are unifying objects of special series of minimal 
models of Casimir algebras, e.g. VV(2,3,4, 5) 'unifies' the first unitary model of WAn- 
These aspects were already discussed in an earlier work [17] where we put the emphasis 
on the truncations of the Casimir algebras which they suffer at the particular values of 
the central charge c. From these truncations infinitely many unifying algebras can be 
proposed. For some of them we were able to present coset realizations thereby generalizing 
the level-rank-duality of coset pairs (see e.g. [1, 18, 19]). For the Casimir algebras WAn-i 
we conjectured coset realizations for all unifying W-algebras predicted in table 1 of [17]. 
Further important examples are the WX>_n algebras which arise from the symplectic cosets 
sp(2n) 1^ ® sp(2n) _ 1 / sp{2n) ^_ 1 . They are unifying algebras for WC minimal models. The 
coset realizations of unifying algebras known to us are collected in table 7. 
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Finally, we investigated orbifolds of quantum W-algebras in a purely algebraic manner. 
They behave similarly to the coset models discussed above, i.e. they belong to the class 
of finitely nonfreely generated W-algebras. They occur also naturally in the context of 
unifying W-algebras. We stress the fact that in contrast to the orbifold of a classical 
Casimir W-algebras the orbifold of a quantum Casimir W-algebra does not contain a 
Casimir subalgebra. In examples we discussed some properties of the vacuum preserving 
algebra (VPA) and the BW classical limit of nonfreely generated quantum W-algebras. 
In contrast to algebras of the Drinfeld-Sokolov class the VPA does not yield a finite- 
dimensional Lie-algebra. Analogously, the classical limits are not finitely generated any 
more. 



Casimir 


central charge 


coset realization 


dimensions of 


dimension of 


algebra 


c 


of unifying algebra 


simple fields 


first null field 


W^n-l 




sZ(fc)©C/(l) 


2,3,...,kr + r + k 


kr + r + k + 3 




CB^{2n+k-l,2n+l) 
cb^ {2n, 2n+k) 


(Orb) ( ] 


2,4, ...,2A; 


2k +4: 




cc^ {n+k+l,2n+2k+l) 


sp(2fc)„_i 


2, 4, . . . , 2A;2 + 4k 


2k^ + 4/c + 5 


Orb (WP„) 


ct>^ (2n+k-2, 2n+k-l) 


Orb ( f^Sl^) 


2, 4, . . . , + 3A; 


+ S/c + 4 



Table 7: Coset realizations of unifying W-algebras 



The coset realization of unifying W-algebras gives a so far unknown coset realization for 
some of the minimal models of the non-simply laced Casimir W-algebras WBn and WC^. 
A further interesting observation concerning minimal models of diagonal cosets is the 
following conjecture: At least one of the levels k, fj, has to be an integer if ® gf^/gf-^j^i^ 
has a minimal model. Note that the only counterexample to this conjecture we know of 
which was presented in [47] is incorrect (see end of section 2.1.3.). 

There are several interesting open question to answer in the future. It has been conjectured 
in [17] that all minimal models of Casimir algebras related to the classical Lie algebras can 
also be obtained as minimal models of unifying W-algebras. However, the existence of all 
these unifying W-algebras is not yet firmly established. Secondly, one could address the 
question whether all these algebras can be realized as cosets of quantum DS reductions. Fi- 
nally, the representation theory of unifying W-algebras as well as the representation theory 
of quantum DS reductions related to nonprincipal sl{2) embeddings has not been worked 
out so far. However, in the case oi sl(2^M) ^/uJx> and sl(^^) ^® sl{2^^) _i/ sl{2^^) 
one can see from the considerations in this paper that all their minimal models also arise 
from identifications with Casimir algebras. It would be interesting to know if all minimal 
models of all unifying W-algebras are also minimal models of the corresponding Casimir 
algebras. If this should be true, one could hope to reconstruct the representation theory of 
W-algebras obtained by DS reduction for a nonprincipal embedding using the fact that the 
coset by the Kac-Moody subalgebra that survives the reduction is a unifying W-algebra 
for Casimir W-algebras. 
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Appendix A: The simple fields with spin 3, 4, 5 of sl{2,JR)/U{l) 



Ws = -6k^J+dJ- - 12krj+J- + 4J"rr + 6k^dJ+J- + 6kdJ"J" + k^d^J" 

W4 = 48k (3 + 2k) (17 + 16k)-^ (6 (5 - 6A;) k^J+J+J'J' + I2k'^ (l + /c + J+d^J- + 

12fc2 (11 + 5k) rj+dJ- + I2k (6 + llA;) J°J"J+J- - 3 (6 + Ilk) J"J"J"J"- 

12fc2 (11 + 5/c) J°dJ+J- + I2k^ (-8 + 3/c - 3A;2) dJ+dJ- + 

12k^ (-5 + 6/c) drj+J- - 6/c (6 + ll/c) dJ°rj" + 3k{6- 5k^) aj°5J°+ 

12 (-3 + /c) (-2 + k) Pd'^j+j- -i2k{i + k + k^) d^rr -k'^{l + k + P) d^r) 

W5 = -288A;^ (3 + 2k) (4 + Zk) (107 + (60 (7 - lO/c) k^J+J+dJ-J-+ 

20k^ {5+3k+k'^) J+d^J- + 120 (7-10k)k^J°J+J+J-J-+60k'^ {8+19k+3k^) J°J+d^J-+ 
60/c^ (64 + 17A;) J°J°J+dJ- + 120k (12 + 19A;) rrrj+J' - 24 (12 + 19/c) J° J" J° J° J" - 
60k'^{64+17k)JV°dJ+J--480k'^{5+3k+k'^)j°dJ+dJ-+180(k - 4){k - 3)k'^ J° d'^ J+ J-+ 
60k^(10k - 7) dJ+J+J-J- + 60k^{4k - 2k'^ - 17) dJ+d^J' + 180/^^(3^^-4) dJ°J+dJ-+ 
240fc^(10/c - 7) dJ°rj+J- - 60fc (12 + 19k) dJ°J°rj° + 60/c2(i4/c-ll/c2_i2) dJ"dJ+J- 
180k (4 - 3A;2) dJ"dJ°J" + 120 {k - 4) {k - 3) k^d^J+dJ' + eOA;^ (8 - 7A; + 4k'^) d'^J°J+J- 
30k (16 + 12A; + 7k^) aV°J°J° + 30k^ (4 - 3A;2) d'^rdJ" + 20 (3 - k) {k - 4) k^d^J+J'- 
20k^ (5 + 3/c + k^) d^J"J° -k^{b + 3k + /c^) d^J") 

(i3 3 = 48 (/c - 2) (/c - 1) /c^ (4 + 3A;) 

d4,4 = 331776 (k -3){k- 2) (k - 1) k^ (1 + 2k) (3 + 2k)^ (4 + 3k) (17 + 16/c)-^ 

^5^5 = 477757440(/c-4)(/c-3)(/c-2)(/c-l)/c^(l+2/c)(3+2/c)^(4+3/c)^(8+5/c)(107+64/c)-^ 

Cf^ = 10368/^3 (3 + 2k) {4k^ - 15k^ - 33k - 4) (17 + 16/c)-^ 

CI5 = 25920/^3 (3 + 2/c) (4 + 3k) {32k^ - 236/c^ - 535/e - 125) ((17 + 16A;) (107 + 64A;)) "\ 

Appendix B: Some structure constants of W2['^^/U{1) 
d3,3 = -(1 + k)^ (3 + A;) (1 + 2k) (9 + 4A;)(3 + 2k)-^ 

dA,A = 48k\l+k)\3+k)'^{l+2k){5+3k){9+4k){12+5kX3+2k)~^{l8-19k-15k'^)~^ 
^5,5 = 480/e2(l+/c)^(3+/e)^(2/c-l)(l + 2/c)(5+2/c)^(5+3/c)(9+4/c)(12+5/c)(3+2/c)"^(50+5/c- 
^ _ 1600/^2(1 + k)^(3 + k)^ (-1 + 2k) (1 + 2k) (5 + 2k)^ (5 + 3k) (9 + 4/c) (12 + 5k) ^ 
^'^ ~ (3 + 2k)^ (11 + 2/e - k^) (-50 - 5/c + 7A;2)2 ^ 

(-57600 + 25260/c + 67829/c^ - 3738/c^ - 19182/c^ + 2540/c^ + 4809/c^ + 882/c^) 
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^ _80A;2(1 + kf{3 + kf (-1 + 2k) (1 + 2k) (5 + 2k)^ (5 + Sk) (9 + Ak) (12 + S/c) 
^ ~ 3(3 + 2k)^ (11 + 2A; - (TP - 5A; - 50) (33 + A6k + 21k^)~'^ 

=24(3+A;)^(216+186A;+823A;^+1184/c3+573A;^+90A;^)((3+2/c)(-18+19A;+15/c^))~^ 

'-^44 -5 

~5 _60(3 + k)^ (-10800 - 1740/c - 2408/c2 - 14301A;3 - 5041/?^ + 4947A;5 + 3233^^ + 510/c^) 

~ (3 + 2k) (-50 - 5/c + 7A;2) (-18 + 19A; + Ibk'^) 

r'7 _2 

•-^45 —3 

=^ (3 + A;)^ (2A;-1) (5 + 2k)^ {l5k^ + 19fc-18) (3 + 2k)~^ {{k^ -2k-ll) {7k^ -5k-50))~^ 
X (576 - 132/c - 143/c^ + 485/c^ + 351/c^ + 63/c^) 

C|e =|(3 + /c)^((3 + 2/c) (fc2 _2fc- 11) (7/^^-5/^-50) (15^^ + 9/c - 18)) 
(10254600 + 3254580/c - 4772094A;2 + 5168399/c2 + 6444501/c^- 
267576A;^ - 1247560A;^ + 114411A;^ + 233577k^ + 39690/c^). 

Appendix C; The primary spin 4 generator of g/(2,IR)^ ® g/(2, IR)^/g/(2, IR)^_I_^ 

$(4) := (3/x + ll)/x5o,o(l, 1) 5o,o(l, 1) - 4(3/x + 11)(« + 2) 5o,o(l, 2)<So,o(l, 1) 
+ {2fXK - 11/x - 11« - 22)(3« + 4)(/x - l)-i 5o,o(2, 2)5o,o(l, 1) 
+ (4/x« + 23// + 23« + 76)(3k + 4)(// - 1)"^ 5o,o(l, 2)S'o,o(l, 2) 

- + 2){3k + U){3k + 4){k- 1)((3// + 4)(// - l))"'5o,o(2, 2)^o,o(l, 2) 
+ (3k + 11)(3k + A){k~ 1)k{{3ij + 4)(// - l))"'5o,o(2, 2)5o,o(2, 2) 

+ (37//2^t+44//2+37^^^2^192//Av+176//+44K2 + 176K + 176)(3K+4)((3/x+4)(/x-l))"^5o,o,i(l'2,2) 
+ (37//^K + 44//2 + 37^k2 ^ ;Lg2^/^ ^ ^^g^ ^ 44^2 ^ -^^q^ ^ 176)(/x - l)-^5o,o,i(2, 1, 1) 

+ |(5//K + 4// + 5k^ + 20k + 8)// 51,1(1, 1) 

- (22//2k + 32//^ + 22//k2 + 147//K + 164/i + 59k^ + 236k + 200)/x(2(// - l))-^5o,2(l, 1) 
+ (5/iK^ - 23//K - 36/x + 5k^ + 5k^ - 96k - 112) 82,0(1, 2) 

- (5/i^K - 5/i^ + 5/iK^ + 6//K - 38/x - 5k^ - 38k - 56)(3k + 4)(// - l)-^<Si,i(l, 2) 

+ (5(3// + 4){p- 1)) ((4//K + 23// + 23k + 76)(3/t + 4) (3//k2 + //k + 16/t - 9k^ - 23k + 12) 

+ + 2) (3k + 11) (k - 1)(-12//2k + 44//2 + 60//K + 280// + 168k + 384)) ^0,2(1, 2) 
-(22//2K+59/i2+22//K2 + 147//K+236//+32K2 + 164K+200)(3K+4)K(2(3//+4)(/i-l))"^5o,2(2,2) 
+ 3(5//2 + 5//K + 20// + 4k + 8)(3k + 4)(k - l)K(2(3/t + 4)(// - l))"^5i,i(2, 2). 
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Appendix D: Minimal models of Casimir W-algebras 



Let /C be a simple Lie algebra of rank I over C The rational models of the Casimir 
W-algebra related to this Lie algebra have central charge 

cic{p,q) = 1- ^{qp-pp'^f p, gcoprime, < p h<q (D.l) 

where p and q have to be chosen minimal, h (/i^) denotes the (dual) Coxeter number of 
/C and p (p^) denotes the sum of its (dual) fundamental weights Aj (A^). The conformal 
dimensions of the minimal model are given by [65]: 

hx,.^ = ^ ((?A - pu^)' - (qp - pp^)2) (D.2) 

where A (v^) lies in the (dual) weight lattice so that A = Yl\=ihKi = Y^i=\^^i • 
A and have to satisfy Y^^^^livai < p — 1, < — 1 where are the 

normalized components of the highest root in the directions of the simple roots a^, i.e. 
i = rai^. Wbf is given by = -^Tni. Note that the set of conformal dimensions 

given by this condition has a symmetry so that all conformal dimensions of the minimal 
model occur with the same multiplicity in it (in the nonsimply laced cases the multiplicity 
is just 2). For more details see [65, 44, 2, 66]. 



Lie algebra 


(mi) 




Ai 


(!,...,!) 


(1,...,1) 


Bi 


(1,2,. ..,2,1) 


(1,2,. ..,2) 


Ci 


(1,...,1) 


(2,. ..,2,1) 


Vi 


(1,2,. ..,2, 1,1) 


(1,2,. ..,2, 1,1) 




(1,2,2,3,2,1) 


(1,2,2,3,2,1) 


El 


(2,2,3,4,3,2,1) 


(2,2,3,4,3,2,1) 


Ss 


(2,3,4,6,5,4,3,2) 


(2,3,4,6,5,4,3,2) 




(1,2,3,2) 


(2,4,3,2) 


Q2 


(2,1) 


(2,3) 



Table 8: Values of m^, for all simple Lie algebras [66]. 



Appendix E: The orbifold of the A'^ = 1 Super Virasoro algebra 

The orbifold of this algebra has been proposed by P. Bouwknegt who also determined 
the field content [44]. Explicit constructions were carried out before in [67] and [25] and 
the classical version of this orbifold was discussed in [9]. In [9] it was also shown how 
two normal ordered analogues of classical relations ensure that the orbifold contains at 
least a closed W(2, 4, 6) as subalgebra and how a third relation gives rise to a first generic 
null field at scale dimension 10. However, neither a primary basis of generating fields nor 
the corresponding structure constants were computed in [9]. These calculations will be 
presented in this appendix. 

For our calculations we adopt the (noncovariant) conventions for the extension of the 
Virasoro algebra by a spin | fermion G used e.g. in [68] . Orthogonalizing the invariant 
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normal ordered products jV(G, dG) and d^G) with respect to other normal ordered 

products one obtains the composite primary fields in the projection as: 



$(4) =(5c + 22)Ar(G, dG) - VlM{L, L) 

$(6) ^5(7c + 68)(2c - l)(c + 24)^{G, d^G) - 130(7c + 68)(2c - l)J\f{M{G, dG), L) 
+ 20(218c - 293)7V(7V(L, L),L)- 6(llc - 86)(c + 24)7V(L, a^L). 



The two point functions of these fields can easily computed to be 

c^4 4 =ic(10c- 7)(5c + 22)(4c + 21) 

cJg e =50c(14c+ ll)(10c- 7)(7c+68)(4c + 21)(2c- l)(c+24)(c+ 11). 



(E.l) 



(E.2) 



For the structure constants one obtains exactly those of the first solution (Set 1) in [5]. 

In order to demonstrate the notational advantages of quasi-primary fields we also present a 
quasi-primary analogue of the relations presented in appendix A of [9] . The quasi- primary 
version of (A. 2) in [9] is: 



(192 - 31c) M{G, d^G) + 90 AfiMiG, dG),M{G, dG)) + % M{L, d^L) 
+ 154 N{N{G, dG), d^L) - 420 J\f{J\f{G, d^G), L) = 



1°'"^"'" (E.3) 



Clearly, Af{G, d^G) can be expressed in terms of normal ordered products of invariant 
fields with lower dimension. 

The commutators of the simple fields of an algebra of type W(2, 4, 6) involve fields up to 
dimension 10. Therefore, closure of the algebra is ensured if in addition to eq. (E.3) also 
J\f{G, d'^G) can be expressed in terms of L, M{G, dG) and M{G, d^G). A suitable relation 
in the spirit of (A. 4) in [9] can easily be established but is omitted. 

Finally, we recall the discussion of singularities for special c-values that has been carried out 
in [25]. For c e {-ji, ^, -24, -11} the field is a null field before normalization 
and one obtains a >V(2,4). For c e } also the field $W is a null field before 

normalization and the bosonic sector of the Super Virasoro algebra coincides with the 
Virasoro algebra. It might seem that for c = — ^ we obtain a W(2, 6) which is not the 
case. Here, singularities in the structure constants Cqq forces one to normalize ^^^^ to 
zero. This shows that there is no consistent W-algebra in the bosonic sector at c = — ^ 
and one is left with the Virasoro algebra again. 

Note that it is straightforward to derive the representations of this orbifold W-algebra 
from the well-known representations of the N = 1 Super Virasoro algebra. In particular, 
it has been observed in [6] that the representation theory of VV(2, 4) and the = 1 Super 
Virasoro algebra at c = —11 is much the same which is clear keeping the above truncations 
of the orbifold in mind (see also [50]). 
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Appendix F: Generators and structure constants of the orbifold of W(2, 3) 

Using the procedure described in section 2.2.1. one calculates the composite primary fields 
of dimension 8 and 10 in the orbifold of W(2, 3) to be: 

=262080(1919c-642)Ar(Ar(Ar(L, L), L), L) 

+ 1512(3965c2 - 168232C+ 1940316)A/'(A/'(L, d^L) , L) 

- 205(13c2-1096c+14556)(13c+516)AA(L, d'^L) 

- 589680(5c+22)(5c+3)(3c+46)A^(A^(W^(^), W^^^), L) 

+ 2730(13c+516)(5c+22)(5c+3)(3c+46)A^(W^(3), d'^W^^^) 
=22522500(17c+ 944)(llc+ 232)(5c+ 22)(c + 47)(c+ 2)A^(W^(3),a^;y(3)) 

- 42702660000(llc+ 232)(5c+ 22)(c + 47) (c + 2)M{N{W^^\ d'^W^^^), L) 

- 18711000(17c + 944) (11c + 232) (7c - 130)(5c + 22)M{M{W^^\ W^^^), d'^L) 
+ 11675664000(32c + 25)(llc + 232)(5c + 22)U{U{U{W^^\ W^^^^), L), L) 

- 2431(3325c3 - 642870c2 + 39648336c - 320267008) (5c + 22)U{L, d^L) 

+ 26520(522225c^ - 42458420c2 + 1123770804c - 8347445152)A/'(A/'(L, L),d^L) 
+ 1108800(708305c2 + 132859254c - 2814883952)A/'(A/'(Ar(L, L), L), d^L) 

- 20756736000(9421c - 13918)7\A(7V(7V(7\A(L, L), L),L), L) . 

(F.l) 

The two point functions of these fields turn out to be 

^8,8 =178869600(13c+ 516)(7c+ 114)(5c+ 186)(5c+ 22) 
(5c + 3)(5c-4)(3c + 46)(c+2)2c 
dio,io=116873396640000000(17c+944)(llc + 490)(llc+232)(7c+114) ^ ' ' 
(7c + 40) (5c + 22) (5c - 4) (c + 47) (c + 23) (c + 2)2c . 

After rescaling to standard normalization one obtains the following structure constants: 

300(7c + 68)2(5c + 186)(2c - lf{c + 30)^ 



We) = 



(13c + 516) (7c + 114) (5c + 22) (5c + 3) (5c - 4) (3c + 46) 



6 6 _ 60(14c3 + 915c2 + 14758c- 22344) (21c2 + 754c -1176) (5c + 3) (3c + 46) 
(13c+516)(7c+ 114)(7c + 68)(5c + 22)(5c-4)(2c- 1) 

^8 ^ 70Q(7c + 68)(2c-l)(c + 30) 

(13c + 516)2(7c+ 114)(5c + 22)(5c + 3)(5c-4)(3c + 46)(c + 2) 

with 

Q := 54525c^ + 5031245c^ + 148843726c^ + 1411010708c^+ 
1061946744c2 - 1038009888c - 12099262464. 



(F.3a) 
(F.3b) 



We omit the structure constants involving fields of scale dimension 10 or higher because 
they are complicated but not very illuminating. 
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